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’V  1 

INTRODUCTION 

The  purpose  of  this  investigation  Is  to  analyze  the 
effects  of  axial  and  transverse  acceleration  on  bearings  of 
various  shapes  which  may  be  suitable  for  use  In  spring  driven 
timer  mechanisms.  The  Investigation  considers  the  feasibility 
of  each  bearing  In  terms  of  loads,  stress  levels,  and  friction 
torques  and  Indicates  appropriate  design  and  analysis  tech¬ 
niques. 

The  conventional  timer  consists  of  a  mainspring  as  an 
energy  source,  a  speed  Increasing  set  of  spur  gears  and  pin¬ 
ions  on  parallel  shafts,  and  an  escapement  controlled  by  an 
oscillating  balance  wheel.  The  case  of  the  timer  Is  fastened 
to  the  projectile  and  accelerations  are  Imparted  to  the  gears 
and  shafts  through  the  bearings  under  Investigation.  The  usual 
orientation  of  a  timer  Is  with  Its  shafts  parallel  to  the  axis 
of  the  projectile  and  with  the  center  of  the  timer  housing 
on  the  axis  of  symmetry. 

Timer  bearings  are  ordinarily  subjected  to  two  differ¬ 
ent  types  of  loading.  The  first,  of  short  duration,  results 
from  acceleration  while  In  the  gun  tube  and  acts  approximately 
parallel  to  the  axes  of  the  shafts.  During  this  Interval 
the  mechanism  may  not  be  required  to  operate,  but  It  must  be 
able  to  function  properly  as  soon  as  the  axial  load  drops  off. 
The  second  type  of  loading  Is  caused  by  a  radial  acceleration 
of  Increasing  magnitude  while  the  mechanism  Is  In  the  gun 
tube  and  of  approximately  constant  magnitude  during  the  flight 
of  the  projectile.  The  mechanism  Is  required  to  function  pro¬ 
perly  while  under  the  latter  loading. 
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The  main  part  of  this  report  Is  divided  into  four  sections. 

In  the  first  tectlon  bearings  which  can  withstand  axial  load 
are  analyzed.  Ten  different  combinations  of  snape  and  pressure 
distribution  are  considered.  Since  It  Is  likely  that  the  mini¬ 
mum  bearing  size  will  be  limited  by  axial  load  capacity j  formulas 
are  derived  In  each  case  expressing  the  required  bearing  size 
as  a  function  of  11.3  pertinent  /  eometric  pareuneters  €uid  the  di¬ 
mensionless  a/.-lal  cad. 

These  express;' ons  can  be  used  in  design  In  two  ways.  First, 
If  a  particular  ge  metry  has  been  decided  upon,  they  can  be  used 
to  find  the  inlnlraun  bearln;:  size  as  determined  by  axial  load  ca¬ 
pacity.  Second,  t'ley  can  be  used  to  see  the  effects  of  the  var¬ 
ious  geometric  par;. meters  upon  bearing  size  as  determined  by  axial 
load,  and  so  will  nerve  as  a  guide  in  choosing  the  most  suitable 
shape  and  par’amete  *s.  Throughout  this  section  typical 
values  of  load,  ma -erial  properties,  and  geometric  parameters 
are  used  In  tne  fo  'mulas  developed  in  order  to  give  a  physical 
Idea  of  typical  slues.  Since  some  of  the  formulas  developed  are 
represented  by  fairly  complicated  equations,  many  of  these  equa¬ 
tions  are  plotted  ..n  order  to  determine  the  general  trends  of  the 
cuiM/es  and  to  facilitate  comparisons  between  the  cases.  Since 
operation  while  under  axial  load  may  be  required,  expressions 
for  the  friction  torque  are  also  oeveloped  for  each  of  the  ten 
cases.  Again  typl  'al  numerical  values  are  calculated  in  order  to 
give  an  Idea  of  th?  orde'^s  of  magnitude  of  these  quantities  and  to 
compare  the  relative  merits  of  the  ten  cases. 
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In  the  second  section  of  this  report  the  bearings  of  Section  I 
are  analyzed  under  treinaverse  load.  Because  flat  bearings  can 
>*lthstand  axial  but  not  transverse  load  and  because  under  trans¬ 
verse  load  one  normal  pressure  distribution  is  much  more  reason¬ 
able  than  most  others,  the  ten  cases  of  Section  I  reduce  to  four 
distinct  cases.  They  are:  spherical  bearings  (solid  and  hollow), 
torroidal  bearings,  conical  bearings,  and  bearings  with  latitude 
circle  line  contuc  In  each  of  these  cases  formulas  for  required 
bearing  size  as  a  function  of  geometric  parameters  and  applied 
transverse  load  are  derived.  Again  typical  numerical  values  are 
calculated  and  It  la  found  that  with  the  load  magnitudes  uned  here 
as  typical,  either  axial  or  transverse  load  capacity  may  fix 
the  minimum  bearing  size.  The  one  that  controls  depends  not  only 
upon  the  ratio  of  maximum  transverse  to  axial  load,  but  also 
upon  the  type  of  brax’lng  and  the  values  of  Its  geometric  para¬ 
meters,  Again  there  formulas  may  be  used  In  two  ways  -  for  cal¬ 
culating  numerical  sizes  once  the  geometry  has  been  fixed,  and  for 
evaluating  the  effects  of  the  various  geometric  parameters.  Since 
operation  while  under  transverse  load  is  a  definite  requirement, 
expressions  for  the  friction  torque  and  typical  numerical  values 
are  calculated  in  each  of  the  four  cases. 

Journal  bearings  are  Investigated  in  the  third  section  of 
this  report.  These  bearings  could  be  used  in  conjunction  with 
one  or  two  bearlrigs  that  have  axial  load  capacity.  An  approxi¬ 
mate  method  Is  developed  for  calculating  contact  stresses  in  terms 
of  transverse  load,  bearing  size,  and  meridian  radius  of  cur¬ 
vature.  In  addition  expressions  for  friction  torque  are  devel- 
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oped.  Again  typlcil  loading  Is  con8ldez*ed  and  numerical  values 
are  calculated  for  this  loading. 

In  the  fourth  section  of  the  report  two  topics  are  Investi¬ 
gated.  They  are  the  estimation  of  typical  loading  and  the  Inves¬ 
tigation  of  the  feasibility,  for  this  application,  of  sharp 
vee -Jewel  bearings  as  used  In  precision  Instruments  and  watches. 
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SECTION  I 

BEARINQS  WITH  AXIAL  LOAD  CAPACITY 

There  are  three  classes  of  bearliie  of  this  type.  They 
may  be  described  as  bearings  with  full  contact,  bearings  with 
thin  ring  contact  and  bearings  with  theoretical  line  contact. 

A  bearing  from  each  of  these  classes  is  sketched  In  Figures 
1  to  3. 

A  study  of  Figures  1  and  2  indicates  that  the  surfaces 
are  Initially  con::'oniilng  -  that  Is,  In  the  unloaded  condition 
there  Is  theoretical  area  contact.  In  addition.  In  order  to 
get  side  thrust  capability,  and  so  eliminate  the  main  disadvan¬ 
tage  of  vee  Jewel  bearings,  (see  SECTION  IV),  contact  occurs 
at  radii  that  are  of  the  order  of  magnitude  of  the  shaft  radius. 
'i?hls  Increases  the  effective  friction  radius  above  that  of  vee 
Jewel  bearings  and  so  gives  the  (unavoidable)  penalty  of 
higher  friction  torque.  However  we  want  numerical  values  of 
these  parameters  in  order  to  evaluate  an  optimum  design. 

The  various  shapes  will  be  considered  only  under  axial 
load  In  order  to  determine  the  required  size.  Just  as  for  the 
vee  Jewel  bearing  it  Is  likely  that  the  Initial  axial  accelera¬ 
tion  will  fix  the  size.  Various  normal  pressure  distributions 
will  be  conslderec  for  each  shape.  In  addition  friction  torques 
will  be  computed  to  see  what  would  happen  If  the  beairlngs  have 
to  operate  during  the  axial  acceleration  period.  In  SECTION  II 
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SPHERICAL  BEARING,  COK^EX  TORROIDAL  BEARING,  CONVEX 

SHAFT,  AND  FULL  CONTACT  SHAFT,  AND  THIN  RING  CONTACT 

FIGURE  III 


SPHERICAL-CONICAL  BEARING,  CONCAVE 
SHAFT,  AND  THEORETICAL  LINE  CONTACT 


6 


LlO  ;  l3  'fc  -  ^  V-'X* ^  «  I  c.  io. . 

these  bearings  will  be  conslaereo  under  transverse  loads  only; 
friction  torques  end  bearing  contact  stresses  will  be  computed 
In  addition  to  otter  quantities  of  Interest  for  a  particular  bear¬ 
ing. 

Case  1  FLAT  BEARING  -  WITH  AND  WITHOUT  A  HOLE  -  UNIFORM 
PRF-SSUPF:  DIS-jR1BU!I  ion  -  sizing  under  axial  load 


Defining  B  by 


(1) 

we  get 
(2) 
and 


^o 


) 


(3) 


r.  = 


r  p 

IF 


__r 

■I 


O  1  -  (I/**) 


3} 


1/2 


where  and  r  aie  the  inner  and  outer  radii  in  inches,  q 
1  o  o 

is  the  maximum  bec'  ring  pressure  in  psi,  and  P  is  the  axial  load 
In  lb.  It  is  reax  ily  observed  that  the  rclr.im^ara  size  bearing  is 
the  one  with  R  «  r.  (no  hole).  Thus  we  define  a  reference  out¬ 
side  radius  as 


(4) 


^^o  Vef 


1/2 


TT  q. 


-  I 


General  Technology  Corporation 


FIGURE  IV 


FLAT  BEARING 
WITH  A  HOLE 
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and  a  dimensionless  relative  bearln.-;,  size  D  as 


(5) 


D  = 


r 

C) 


^^o^ref 


and  (^et  for  the  solid  flat  bearing 


(6)  D  1 

and  for  the  hollow  flat  bearing: 


(7) 


D  - 


1/2 

r  - 


The  range  of  of  interest  Is  from  °  for  the  solid  flat 
bearing  to  about  B  =  r  /(r  -  ,lr  )  i,l  for  i^latlvely  thin 

bearings.  (Anythliii-  thiiiner  w  uld  require  excessive  tolerances.) 
The  bearirvi  relative  size  D  =  ^(/^^o^ref  equation  (7)  vs  1/p 

Is  shown  In  Fig.  3  on  Pa^_;e  10  arid  tabulated  in  Table  1  on 
Page  1^.  It  can  be  seen  that  the  thlmest  section  that  would 
be  used  (s  1.1 )  requires  about  2.3  times  the  outside  diame¬ 
ter  of  a  no-nole  section  for  the  same  load  P  aiid  design  normal 
pressure  q,^.  In  order  to  Investigate  typical  sizes  take 

P*.  4  -  15.93  lb.  (See  Pa -.e  Il4  of  SECTION  IT.)  Tt  Is 

typical  ^  \  . 

more  difficult  to  i.stlrnate  a  ,’;ocd  de3l,;n  value  l‘or  q^.  The  value 

chosen  should  be  b(-low  q  --  285,000  psl  (Page  106)  since  there 

o 

Is  area  contact  In  the  undeformed  position  now  and  the  likeli¬ 
hood  is  high  of  ha^’ing  much  greater  than  average  pressure  at 
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Bearing  Relative  Size  (D  =  ref. 


FIGURE  V 


,  I  Re cj-p roc al,  Radius  IjLatlo,r^/r^  =  1/g  i  , 

»  10  5  3  2  5/3  5/^  10/9  1 

Radius  Ratio  6 
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local  irregularities.  Thus  use  =  242,000  psl  (Page  95) 
for  the  relatively  thin  sections  €md  «  175,000  psl  (say) 
for  others. 

Then  for  thin  sections 


P  “1 


rain 


.■:t  q. 

u 


suid  for  th-  "k  sections 


f  r  ) 

'  o' ref.  max 


r  p 

Ln  q^J 


r - 00539  in 

^(3.14)(175,000)-‘ 


The  reference  shan't  dlair.eters  are  then 


and 


^^o^ref  rain  *0092  in.  for  tiiln  ring  contact 
^^o^ref  raar  '  *0108  in.  for  larger  contact  area. 


For  a  ratio  of  w  .6,  the  outside  diameter  would 

be  «  1.25  X  ,0108  f.:;  .0135  In.  (nee  Table  l),  while  for  w  .9, 

the  outside  dlame'.er  would  be  2.3  x  .0092  =  .0212  lu.  (The 
higher  design  stress  is  used  fcr  the  relatively  thinner  contact 
area. ) 
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Case  2  FLAT  BEARINQ  -  LINEAR  PRESSURE  DISTRIBUTIONS- 
SIZING  UNDER  AXIAL  LOAD 

For  the  relatively  thin  sections  the  uniform  pressure  dis¬ 
tribution  is  quite  reasonable.  For  the  thicker  ones,  in  order 
to  prevent  comers  from  digging  in,  the  bearings  could  be  made 
somev.’hat  as  shown  in  the  exaggerated  sketch  on  Page  13#  (Fig¬ 
ure  6).  The  small  axial  cleara.ice  shown  prevents  the  outside 
corners  from  takin;  all  the  load.  When  the  load  is  applied  the 
two  surfaces  deform  into  contact.  The  resulting  normal  pressure 
distribution  then  drops  off  with  increasing  radius. 

Thus  consider  the  Trapezoidal  Distribution  with  parameter  r\ 
shown  in  Figure  7.  Here  the  normal  pressure  is  given  by 


(8)  q(r)  -  q  -  nq  - — ^4“ 

0  o 

V/hen  =  o,  this  reduces  to  the  uniform  distribution;  and  when 
ri  =  1,  it  reduces  to  a  triangular  distribution.  The  equation 
of  axial  equilibrium  gives 


(9) 


r  =  r^ 
•»  0 


dP  •-= 


Jr 


1 


I 


o  r 

(2TTrdr)(q^)(l  - 


It 


Integra  tin:;,  usiiig  the  definition  of  bearing  relative  size  D 
(iCquation  5)#  and  simplifying  gives 
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FIGURE  VI 


EXAGGERATED  VIEW  OF  A  FLAT  BEARING 
BEFORE  THE  AXIAL  LOAD  IS  APPLIED 


FIGURE  VII 


^o 


TRAPEZOIDAL  LOAD  DISTRIBUTION 
q(r)  FOR  A  FLAT  BEARING 
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'■  1-p  I'  V  ..-Jl. 


1. : 


(10) 


D(B,n)  =  r 


,2 


1/2 


-e^  -  1  +  (tv/3X1  B  -  2$  )-^ 


Comparlnc  this  to  Equation  J,  Page  9  shows  that  It  reduces  to 
that  equation  for  n  •=  o.  The  quantity  (l  -f  g  -  2b  )  Is  zero 
for  p  =  1  (the  smallest  value  of  b)  and  cets  smaller  (more 
ne^^atlve)  for  Increaslrv^  9.  Thus  for  any  positive  n  between 
0  and  1  the  denominator  gets  less  and  D  increases  as  expected. 

Some  tabulated  values  are  given  In  Table  1  below. 


Table  1 

BEARING  RELATr/E  SIZE  D  AS  A  FUNCTION  OF  BEARING  RADIUS  RATIO  « 
FOR  THREE  LINEAR  LOAD  DISTRIBUTIONS 


Uniform 

Trapezoidal 

‘■triangular 

o 

P-JjL" 

D  ,Ti  =  .5) 

D  (n  - 11 

00 

l.COO 

1 . 2252 

1.732 

10 

1.005 

1.220 

1 . 670 

5 

1.021 

1.225 

1.640 

1.062 

1.261 

1.642 

2 

1.153 

1.360 

1.732 

5/3 

1.250 

1.463 

1.848 

5/^ 

1,670 

1.940 

2.40 

10/9 

2.295 

2.66 

3.23 

-  lA  - 


These  curves  are  plotted  In  Figure  5  on  Page  10.  For  typical 
flat  bearing  sl2;es  as  ueterwlned  by  axial  load  we  have  for 

p  •=  1.667  (1/8  *=  .6) 


Uniform  (ti«0)  D=‘1.25 

^outside  =  ^  “ 

Trapezoidal  (ri  =  .5)  D  =  1.46 

d  .j  “D(d)  r\  ~  .0108  D  “ 

^outside  '•o' ref 

Triangular  (t^  =  l)  D  =  1,85 

d  D(d  )  ^  =  ,0108  D  = 

outside  '  o'ref 

and  for  B  *  1.11  (I/8  =  .9) 

Uniform  (ri  =  0)  D  ==»  2.23 

d  ^  =  D(d  )  X  =  .0092  D  « 

outside  ^  o'ref 

Trapezoidal  (r|  =  ,5)  D  =  2.66 

d  ...  =-*  D(d  )  „  =»  .0092  D  = 

outside  ^  o'ref 

Triangular  (n  *  1)  D  =  3.28 

^outside  =  ^^"o)ref  =  *^^92  D  = 

(svee  Page  11  for  (do)pef) 


0135  In. 


0138  In. 


020  In. 


0207  in. 


0244  In. 


C302  In. 
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The  trapezoidal  distribution  with  ti  »  .5  seems  most  reasonable. 
Thus  to  summarize,  we  have  for  flat  bearings  with  a  tregoezol- 
dal  distribution  with  n  =  -5  and  for  P  =  15.95  lb.  axial  load 
(Page  114),  a  design  bearing  stress  »  175i000  psl  (Page  11), 
and  a  radius  ratio  1/b  =  =  -6,  an  outside  diameter  of 

*^outslde  “  *^^58  in.  Also  for  a  thin  section  flat  bearing  with 
the  radius  ratio  now  1/b  =  =  .9  and  the  design  bearing 

stress  now  =  242,000  psi  (Page  11),  we  have  ^outside  “  *0244  In. 
Both  of  these  sizes  are  reasonable. 

Case  3  FULL  SPHERICAL  BEARING-  UNIFORM  NORMAL  PRESSURE 
DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 

The  radius  of  the  spherical  tip  Is  R,  r^  is  the  outside 
radius  of  the  bearing,  a  is  the  total  half  angle  subtended  by 
the  bearing,  o  is  a  variable  anf^le,  and  r  la  a  variable  radius 
as  shown  in  Figure  8.  V/e  have 

(11 )  sin0  «=  r/R 


and 


(12) 


8lna 


S3 


r 


o 


IT 
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FIGURE  /III 


FULL  SPHERICAL  BEARING  WITH 
UNIFORM  LOAD  DISTRIBUTION 

FIGURE  IX 


FULL  SPHERICAL  BEARING  WITH 
COSINE  LOAD  DISTRIBUTION 
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o :  i ^  T  pjioiOi^^  :•  i  on 

Since  the  normal  pressure  distribution  is  hydrostatic  (uniform), 
its  axial  resultant  equals  that  of  the  same  uniform  pressure 
distribution  over  the  flat  bearing  of  equal  inside  and  outside 
diameter.  Thus  the  bearing  size  is  the  same  as  for  Case  II 
with  0  «  «  and  n  “  0  (Page  l4). 

Case  4  HOLLOW  SPHERICAL  BEARINQ  -  UNIFORM  NORMAL  PRES¬ 
SURE  DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 

As  noted  directly  above,  the  sizes  are  the  same  as  for  the 
flat  bearlr^g  with  the  same  radius  ratio  3  «  “H  =  0, 

(Page  14). 

Case  3  FULL  SPHERICAL  BEARINQ  -  COSIl^B  NORMAL  PRESSURE 
DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 

Here  q(0),  the  normal  pressure,  la  taken  as 

(13)  q(9)  =  q^  cose  (0  <  0  <  a) 

The  equation  of  axial  equllbrlum  gives  (See  Figure  9) 


0  =  a 

(14)  P  =  r  dP  «  r  (Rde ) (Pnr) (q^  cc89)(coa0) 

^0  =  0  ° 

Using  the  definition  of  the  bearing  z*elatlve  size  D,  elimina¬ 
ting  R  and  r  with  equations  11  and  12,  and  integrating  gives 
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(15) 


-o-^l/2  -  gin- 

I^(a)  =  !|i  - -  rTT72J 

“(1  -  cos^a) 


As  a  check,  for  small  values  of  rx  this  becomes 


(16)  D(a)  =  n 


1/2  a  -  +  . .  . 

r  2  3. 

^1  -  (1  -  +  ...)  j 


1/2 


which  has  the  llraltinti  value  o’^ie.  Since  small  a.  means  essen¬ 
tially  a  solid  flat  bearing;  with  a  uniform  load  distribution, 
this  checks  with  the  results  for  a  flat  beariii^  with  B  =  ® 
and  T)  =  0. 

A  tabulation  of  this  function  and  a  plot  of  it  aj?e  (slven 
in  Table  2  and  Fl^jure  10. 
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Table  2 


BEAKIIJG  RELATIVE  SIZE  D  VS  BEARING  ANGLE  g  FOR  FULL  SPHERICAL 
BEAJaNGS  WITH  A  COSINE  LOAD  DISTRIBUTION 


£hl 

c 

1.000 

10° 

1.002 

20° 

1.022 

O 

o 

on 

1.036 

45° 

1.079 

60° 

1.136 

90° 

1.225 

Since  practical  bearin';  ancles  would  have  90^^  as  an  upper 
limit  arid  since  the  co85.ne  distribution  la  reasonable,  a  solid 
spherical  (conforming)  bearlny  is  at  most  1.2:25  times  the  dia¬ 
meter  of  a  solid  flat  bearlnc  for  the  same  axial  load  and  de¬ 
sign  stress. 
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Bearing  Angle  3.  (Degrees) 


BEARING  RELATIVE  SIZE  VS.  BEARING  ANGLE  FOR 
A  FULL  SPHERICAL  BEARING  WITH  A  COSINE  NORMAL 
PRESSURE  DISTRIBUTION 
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Case  6  HOLLOW  SPHERICAL  BEARING  WITH  COSINE  NORMAL  PRES¬ 
SURE  DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 


Equation  holds  with  the  lower  limit  replaced  by  and 
with  replaced  by  q^/cosa^,  where  r^  and  are  related  by 


(17) 


Bln  aj  >= 


The  integrated  equation  becomes 


(18)  D(a,aJ 


r 

..-^1/2  slna  '  co8a< 

!  1  J 


r  ^  ‘ 

1  cos  a^t  -  cos'^m 


,1/2 


where  and  the  radius  ratio  p  are  related  by 


(19) 


0  - 

"  “  sTHS: 


Some  values  of  D  vs.  o  and  a  are  tabulated  below  In 
Table  3  and  plotted  In  Figure  6. 
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Table  3 


BEARING  RELATIVE  SIZE  D  VS  RADIUS  RATIO  Q  FOR  POUR  BEARING 

ANGLES  a 


n  =  0*^  {This  corresponds  to  the  flat  bear  In.  with  a  uniform 
distribution  of  pressure) 


10 


5 


3 

2 

5/3 

5A 

10/9 


0 

0 

0 

0 

0 

0 

0 


D(a>  )  -  D(a,^') 

i.OOO  (Solid  flat  brt:) 

Pa/  e  1^1 

1.00b 
1.021 
1.062 
l.x53 
1 . 250 
1 . 670 

2.295 


0 
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D(a,  “  D(a,'^) 


00 

0,00° 

1  0^6  V Solid  sph.  bi'L) 
*  Parre  20 

10 

2.86° 

1.039 

5 

5.73° 

1.056 

3 

9.60° 

1.101 

2 

14.48° 

1.186 

5/3 

17.47° 

1.283 

5/4 

23.60° 

1.688 

10/9 

26.75° 

2.29 

i 

2l 

D(a^  a^)  »  D(cl^p) 

CO 

0.00° 

1.130  (Solid  sph.  brg 

Pace  20 

10 

4.96° 

1.140 

5 

9.99° 

1.159 

3 

16.73^ 

1.198 

2 

25.7° 

1.293 

5/3 

31.3° 

1.390 

5/4 

43.7° 

1.808 

10/9 

51.2° 

2.40 

- 
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a  = 


0 

UD 

0.00° 

1.223 

10 

5.73"^ 

1.232 

5 

11.  ^.4° 

1.232 

3 

1.300 

2 

30.00° 

1.429 

5/3 

36.3° 

1.532 

5/^ 

53.2° 

2.04 

10/9 

64.2° 

2.82 

fi) 

i;ioilu  Bph.  br;^) 
Pa^e  20 


Case  7  HOLLOW  TORRQTDAx,  BEARING  -  UNIFORM  NORMAL  PRESSURE 
DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 

For  this  case 

(20)  q(0)  = 

r  -  r. 

(21)  - i  =  slno 

R 


(22)  — - -  =  Blna 

R 

and 

^  0 

(23)  p  ^  dP  e)  “J  (qo)(2nr)(Hd9)(r.30) 
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FIGURE  XI 


TORROIDAL  BEARING 
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Combining  and  carrying  out  the  Inte^^ratlon  i^lvee  the  same  re- 
su.’.t  ao  for  the  flat  beerlrii:  with  a  uniform  load  and  the  same 
Inalde  and  outside  radii,  namely 

2  1/2 

D  a  - 1  (See  Equation  7) 

-  1-* 

(See  cases  3  and  4  for  similar  results) 

Case  8  HOLLOW  TORROIDAL  BBARING  -  COSINE  NORMAL  PRESSURE 
DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 

Here  Instead  of  Eqs.  20  and  23  vie  liave 

(25)  q(0)  =  COSO 

and 

0  =»  a  _  T. 

(q^  cose  )  (2rrr )  (Rd  9 )  (coso  ) 

respectively.  Integratln/;  and  uslnii^  the  definitions  of  D  and  ° 
(Eqs.  5  and  l)  gives 


(26) 


■1 


dP 


axial 


(3)  - 


(27) 


D'rt,a) 


[• 


(e.i)2  (2)(izc^)  ^  (e.i)(^ 

^  sin  a  ^ 


1/2 

“I 


3ln2'i  N 


-  2: 


Genei’ai  Technt^J  Ccjrp(;i*atlo;i 


r  fl 

As  a  approaches  zero,  this  approaches  ' -  as  Ii  shoulu 

Some  results  are  i^lven  below  In  Table  4  for  a  =  90*^. 

Table  4 

BEARINQ  SIZE  D  VS  BEARING  RADIUS  RATIO  6  FOR  A  TORRQIDAL  BEAR¬ 
ING  WITH  A  COSINE  LOAD  DISTRIBUTION  AlfD  AN  ANGLE  a  OP  90^ 


a 


i 


D  (P.90°) 


OJ 

1.225 

10 

1.258 

3 

1.304 

3 

1.387 

2 

1.548 

5/3 

1.695 

5/4 

2.31 

10/9 

3.?2 

;See  P.  25  for  a 
solid  sph.  br/3. 

with  a  cos .  dist . ) 


Case  9  HOLLOW  CONICAL  BEARING  -  UNIPORK  NORMAL  PRESSURE 
DISTRIBUTION  -  SIZING  UNDER  AXIAL  LOAD 

The  same  results  hold  as  for  the  flat  bearing  with  a  uni¬ 
form  noiTnal  pressure  distribution.  This  Is  Included  here  Just 
to  get  a  case  number  and  a  sketch  for  reference  (See  Figure  12). 
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FIGURE  XII 


HOLLOW  CONICAL  BEARING 
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Caae  10  BEARING  WITH  THEORETICAL  LINE  CONTACT  -  SIZING 


UNDER  AXIAL  IiOAD 

In  the  sketch,  (Figure  13)»  the  bearing  has  theoretical 

line  contact  at  a  radius  r^.  The  normal  to  the  surfaces  makes 

0 

an  angle  v  with  the  shaft  axis.  Rt  Is  the  meridian  radius  of 

A. 

cui"vature  of  the  shaft,  positive  If  the  shaft  Is  convex,  as 
shown.  ^2  meridian  radius  of  curvature  of  the  bearing, 

also  positive  If  the  bearing  Is  convex,  as  shown.  The  other 
two  principal  radii  of  curvature,  auid  Rg,  are  always  equal 

and  opposite  to  each  other  In  sign  as  shown,  as  the  mating:,  sur¬ 
faces  CO  form  In  one  direction.  R^  and  Rg  may  each  be  Infinite 
or  negative,  but  neither  may  be  zero.  The  quantity  defined 

by  (See  Eqs.  126  or  130) 


(126) 


1  +  1 


must  be  positive  In  order  to  have  thecretlcai  line  contact 
(R^  =.  +  ®  means  the  most  conformity,  R^  =  +  e  >  o  means  the 

least  conformity).  In  terms  of  the  notation  of  equations  (119) 
and  (121)  we  have 


(119)  A+B  =  i(i  +ir  +  ^+  -i. 


,L 
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FIGURE  XIII 


BEARING  WITH 


THEORETICAL  LINE  CONTACT 
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(120) 


B  -  A 


1  r,i 


-V) 

R, 


I 


C08[ (2)  (0) ] 


+  { 


P  1/2 

j 


1 

=  +  5H- 

o 


and 


(121) 


COSO 


B-A 


nr 

o 


+  1 


The  minus  oli^n  has  no  sicnlflcance  and  so  o  Is  zero,  and 
we  verify  that  the  surfaces  conform  In  one  direction. 

Axial  equilibrium  elves  the  (uniformly  distributed)  nor¬ 
mal  force  per  unit  len^^tn  of  contact  as 

(p^)  (2nr^)  (cosv)  •»  P 

P.!  =  Pi''-) 

The  maximum  bearing;  pressure  per  unit  ai'ea  Is  given  by 
2p 

m 


or 

',20) 
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where  a  Is  the  small  half  width  of  the  contact  area  and  is 
Clven  by 

(125)  a  =  L  "  ti  Eg'  ] 

with  from  Eq.  126  or  13O,  and  from  Equation  I3I. 

Eliminating  a,  and  r^  from  Eqs.  k,  28,  125,  and  126 
gives  for  the  dimensionless  relative  bearlrig  size  D 


(29) 


pl/2 

Rq  cosv 


1/2  p 

p  p  1  r  ^o  1 

wq^J  '  2n  q^  R^  cosvj 


For  P  -•«  15.95  lb.  (P.  11^) 


Qq  «  285,000  psl  (P.  108  -  This  choice  Is  for  theo¬ 

retical  line  contact) 

E  =  21  X  10^  psl  (P.  108  -  Sapphire  Jewel  and  steel 

shaft' 


we  have 


pl/2j.^ 


(29) 


(15. 95) ^^^(21  X  10^) _ 

(2) (3.1^) ^^^(.285  X  10°)^^^  Rq  cosv 
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n  C03V 
o 

We  see  then  that  should  be  as  larjje  as  possible  for 
small  D  (relative  bearlnij  size)  and  so  should  cosv.  This  means 
that  from  the  point  of  view  of  minimum  bearln-j;  size  as  deter- 
r.ilned  by  axial  load  we  want  conforming;  surfaces  (lar^^e  R^) 

normal  to  the  axial  load  (larce  cosv).  For  a  typical  bearing 
consider  the  spherical -conical  bearing  shown  In  Pic.  3.  There 

R  =  R 

o 

(30)  a  =  V 

and  R  =  r^/slna 

Comblnlnc  Eqs.  5,  29,  nc-  30  c^ves  for  this  bcarlnc 


_E^  tam-.l/di 

From  this  we  see  that  the  an^cle  a  should  not  be  Greater 
than  say  45^  I'or  this  type  of  bearlnjc.  This  Is  not  only  rea¬ 
sonable  from  a  sizing  point  of  view,  but  It  also  helps  to 
prevent  excessive  circumferential  stresses  In  the  conical  mem¬ 
ber  due  to  the  wedclng  action  of  tlie  sphere  in  the  cone. 

For  typical  numerical  sizes  we  have  with 

=  21  X  10^  psl  {P.  108) 
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=  285,000  psl  (P.  108) 
a  *3  ii5^  (Probable  design  maximum) 


(31) 


r^o 


^  (21  X  10®)  tan  '15° 


r 


(2)  (3.1'*)  (.285  X  10®)-' 


3. '*2 


('^o’ref  calculated  on  the  basis  of  a  line  cjntact  design 

bearing  stress  of  =  285,000  psl. 

Thus  T  /o 

1/2 

(“^o^ref  “  fg'?T?^"C285,TO?)j" 

and 

do  =  D(do)j^f  »  (3.^2)  (.00843)  =  .0288  In. 


This  is  not  out  of  line  with  the  values  of  d^  for  conformlrig 
bearings  (See  Pages  15  and  16). 

As  a  check  and  to  determine  if  the  ellmlneted  quantities 
have  reasonable  magnitudes,  we  calculate  these  quantities  for 
this  example. 


r 


o 


°o  _  .0288 
2 - 2^" 


.014’; 


(23) 


m  “  2n  r  cosv 
o 


I:? )  ( 3 . 1 A )  ^ ^rOT'rrc’os^'TJ^  ■ 


(30) 


.0203  In. 


./In. 
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(31) 


D 


.0^97 

R  COBV 

o 


3.^16 


(124) 


.OOO^^jS  In. 


(125) 


.4  P  R  ^1/2 
m  0-1 


a 


n  E. 


o 


(4)  (250)  f.0203r 
(3.14)  ;21  X  10^) ' 


'2 


.000554  iii. 


As  a  comparison  the  cylinder  enclosln^j;  the  outermost  limit 
cf  contact  has  a  diameter  of  -»•  2a  cosa  -  .0296  In.  for  this 
case.  The  shai^p  vee  Jewel  bearing,  has  for  this  cylinder's  dia¬ 
meter  (P.  119). 

(2a';^yp  -  2(.00:,lo)  -  .OIO32  In. 


Thus  for  the  same  loads  and  materials,  but  with  the  potential 
ability  to  withstand  transverse  loads,  we  are  about  ' of §3?  =2.86 
times  as  lar,^e.  This  Is  quite  reasonable.  (Note  that  this  Is 
2.86  times  as  lar/-e  as  the  enlar^;ed  vee  Jevnel.  It  still  ex¬ 
ceeds  commercial  practice  on  Jewels,  but  the  ratio  Is  repre¬ 
sentative  . ) 
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BEARINGS  WITH  AXIAL  LOAD  CAPACITY  -  FRICTION  TORQUE  WHEN  OPEHA- 

TED  UNDER  AXIAL  LOAD  ALONE 

Case  1  (See  P.  7)  The  ijeneral  expression  for  the  fric¬ 
tion  torque  on  an  annular  area  of  radius  r  and  meridian  len;j;th 
do,  with  coefficient  of  friction  m,  and  normal  preasurc  q  Is 


(32)  dTj,^  =  uq(2TTr)(d8}  (r) 

For  Case  1:  q(r)  =»  q^^  ds  =  dr,  and  the  limits  of  Inte¬ 
gration  are  r  =  and  r  =  r^.  Thus 


•fr 


r=r. 


dTfrlr)  = 


2nuqQ  r  dr 


2nu  q^ 
- 


] 


We  define  as  a  reference  friction  torque  the  torque  on  a  solid 
flat  bearing  with  uniform  normal  pressure  distribution.  Since 
r^  =  0  and  r^  ~^^o^ref  this  case 


O'*) 


2nu  q 


■’ot-ef 


-3 


2 

I 


ipP ) 


^^o  ^ref 
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r-encxai  T»  cliiolc^^  Cox’p oration 


It  then  seems  natural  to  define  a  reference  friction  radius  as 


(35) 


(^fr)ref  ~  ^  ^^o^ref 


2  r  P 


^^fr^ref 
“T]P - 


and  a  bearing  friction  radius  ratio  a  by 


(36) 

and 

(37) 


a  = 


fr 


^^fr ^ref 


Using  these  definitions  gives  for  A  in  tenns  of  (when  Eq.7 
for  D(fl)  is  considered) 


(38) 


A(e) 


3/2 
1) — 


As  approaches  infinity  this  approaches  1,  as  it  should  for 
the  solid  flat  bearing.  This  function  is  tabulated  below  in 
Table  f)  and  plotted  in  Figure  14. 
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Table  ^ 

FRICTION  RADIUS  RATIO  A  VS  BEARING  RADIUS  HATIQ  B  FOR  A  UNI- 
FORM  LOAD  ON  A  HOLLOW  PLAT  BEARING 


k  .'.g). 


.o 

1.000 

10 

1.019 

3 

1.038 

3 

1.150 

2 

1.3^8 

5/3 

1.530 

2.26 

10/9 

3.28 

From  the  plot  we  note  that  increases  more  rapidly 

than  C(p)  In  the  ran^’^e  of  «  of  Interest. 

Case  2  (See  Pace  1'.^  )  In  Eq.  32  q',r)  is  c^ven  by  Eq.  8, 
ds  -=  dr,  asid  the  limits  >-.1  Integration  are  and  r^^.  Thus 
we  cat  for  the  friction  torque 


f-* 


r 


r  -  r 


o  "  ^1 


2, 

)r  dr 


39  - 


Bearing  Relative  Size  D  and  Friction  Radius  Ratio 


< 


3,20 

3.00 

2.80 

2.60 

2.40 
2.20 
2.00 
1.80 
1.60 

1.40 

1.20 

1.00 


0  .1  .2  .3  .4  .5  .6  .7  .8  .9  1.0 


Reciprocal  Radius  Ratio  l/p  =  r^/r^ 


BEARING  RELATIVE  SIZE  D  AND  FRICTION  RADIUS 
RATIO  VS.  RECIPROCAL  RADIUS  RATIO  l/p  FOR 
A  HOLLOW  FLAT  BEARING  WITH  A  UNIFORM  PRESSURE 
DISTRIBUTION 


40 


J 


3'J) 


3  3 


_ _ 

r  -  r , 

o 


r 


^ - 


3  ^ 

r.  r  r. 

^  °  +4^) 


The  dimensionless  friction  radius  ratio  A  becomes 


(40) 


&ii,v.)  ■-■  a(D,'s,ii),  R 


Qr 

=:  0-^  1  - 


1 

3 


,  J  ' 

0^/  ^ 


1  +  lA 


where  D(p,ti)  I3  civen  by  Equatlc-n  10.  Rather  t’lan  plot  this 
we  evaluate  it  for  a  typical  case.  Takin(:  a  -  ,[)  'trapezoi¬ 
dal  distribution)  and  a  =  I.667  w*3  have  (See  P.  lA) 

D(1.667,.5)  =  1.-463 

and 

a(1.667,.5)  =  (l.-'^oS)^  .556)  =  1.74 

We  compare  this  to  a(  1.667,0)  =  1.‘330  (P.  39)  see  that  for 
the  trapezoidal  distribution  the  fi-iction  radius  increases  by 
a  factor  of  1. 7^/1. 53  =  1.1^  over  that  for  a  uniform  distribu 
tion  with  the  same  axial  load,  design  bearing,  stress,  and  rr.dius 
ratio. 

Case  3  (See  P.  I6)  In  Eq.  32,  q'(^)  =  %,  t^s  «  Rd:,  and 
the  limits  of  integration  are  r  =  0  and  0  =*  a.  Thus  we  get 
for  the  friction  torque 
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I  J- 


1  .  .). 


pc  ..  'll 


T 


fr  "" 


[2nr(fl)](RUp)[r(n) 


where  r(9)  and  R  are  related  to  9  auid  a  by  Eqs.  11  and  12. 
Intef^racln^;;  gives 


(41  :■ 


m  O _  ^  fa  sin  2a*^ 

77:T“  .? - 4 - J 


sin- 


and  the  dimensionless  friction  ratio  becomes 


(42) 


Ala.DU))  ^  d3  r_2^ 


n—  - - ^  I 

~2  slri-^a  4  sln-a"^ 


where  D  =  1  for  this  case.  For  a  typical  size  take  a  =  30 

Then  A (30°)  =  1.08.  So  for  a  =  30°  the  friction  radius  for 
this  case  is  1.08  times  as  high  as  for  a  flat,  bearln^. 


Case  4  I'See  P.  18)  Only  the  limits  of  integration  change 
from  Case  3.  The  lower  limit  becomes  0  =  giving 


(^3) 


sin  2a 


1^ 

J 


- ^ 

8in*^a 


Pa  3ln  2a 
- 21 — 


The  dlraenelonleas  I'rlctloii  ratio  becomes 

o  o  r  “  3ln2a^ 

(UU)  A[a,a^  ,D;a,a4  I .!  -  - ^ — 5“  a  •  - n - ^ 

^  r  sln^c,  ■  - 

In  liquation  44^  D'^''  is  the  sajr.e  as  for  a  flat  bearin,,  with  uni¬ 
form  normal  pressure  (Eq.  7)  and  a,  and  s  are  related  by 
Eq.  19.  For  a  tjTplcal  size  take 

a  ==  90°  and  8  =  1. 667 

Then 

(19)  sin  ^  sltia  ,'.6)(j. )  =  .6,  a,  36.8° 

and 

=--  (1.250)^  (?.  14;; 
and 

A  -  (1.953)  (1.3)  (l  4C3,i  =  4.12 

This  la  high,  but  a  uniform  normal  pressure  distribution  from 
ttj  =  38.8°  to  a  =  90°  rl^es  a  large  frlctior:  of feet  from  that 

part  of  the  arc  near  0  90°  vnlth  little  or  to,  e.ffect  on  the 

axial  load.  We  shc^uld  eoipect  1  he  cosine  noiTiia]  pressure  dis¬ 
tribution  of  Case  6  to  give  more  idealistic  valies  here. 
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Case  3  (P.  iB)  Here 


q(o)  =  %  cose 
ds  =  R  do 
r  =--  R  sine 

K  fill  a 


and  Eq.  32  tecomef: 


dT^,.  ^)(q^  cc3  3}(2-7R  3ln0)(R  d9)^H3ln9) 


The  limits  are  0-0  and  o  =  a.  Thus 


'O 


aq 


o 


^  2 

2i.K^  sin  B  cosQ  ciG 


or 


('ti'.) 


■fr 


The  dimensionless  frlftlcr.  radius  rallo  becomes 


(46) 


A  = 


where  D(a)  Is  given  by  Ec.  ]5  and  is  tabilatod  on  P.  20. 
For  numerical  values  take  a  ^  90^,  Th.en 


and 


I>(a)  =  l^J  -  1.223  (P.  20^ 

A (90^)  -  1.838 


-  ^4 


Tc-i.luiclo(;y  Ccrpuratlon 


Thus  the  solid  hemispherical  bearing  with  a  cosine  normal  pres¬ 
sure  distribution  has  only  1.225  times  the  outside  diameter 
of  a  flat  bearing  of  the  same  capacity,  but  has  I.838  times  as 
much  friction  torxjue. 


Case  6  (P.  22)  Here  q(9)  =■  cose/cosa^  and  the  lower 


limit  becomes  aj^  where  sin  a4  =  *  friction 

torque  becomes 


a 


(0) 


'JQo  2nR^ 
cosa^ 


sii 


2 


COSi 


a: 


or 

('t?) 


r,  1  n 

3  COBOj  " 


The  friction  radius  ratio  then  becomes 

d3  (1  -  ij) 

(48)  Me,  D,  a^)  =  --c^sTT- 


For  typical  numerical  values  take  a  =  90*^  and  fl  =  I.667.  Then 
(P.  25)  =  36. 8^^  and  D  »  1.532  giving 


-  ^5  - 


v_r  1 1<  L  ‘v  i  lliO  A  '  ■  j.,  0  -II 


A 


d3  (1  .  i  ) 

_ 

C  O  3q, 


„  3,52 

.8 


Thus  the  size  Is  1.532  times  that  of  a  sollcJ  flat  bearing, 
but  the  friction  torque  is  3-52  times  as  much. 

Case  7  (P.  25)  Here 

(20)  q.e)  -  q^ 

(21 )  r  e )  =  r^  +  R  sino 

and  r  -  r. 

(22)  R  «  -2 - 1 

slna 

The  limits  of  lntec;ratl on  are  9  =  0  and  9  =  aj  and  ds  =  R  de 
The  friction  torque  thus  becomes 


a 

“^fr  ^  3in3)^  R 


which  upon  Intecratlon  c-ives 


■09)  =  Snuq^R  f'l-j®..  +  2  r^Rfl  -  cosa) 


+  r2(|  -  31^)" 


The  friction  radius  ratl>.  then  beccraeo 


do 
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(50) 


-  -  k) 


/  a  8ln2a \ 

1  5' - u — )  , 

*  - - 5^— (1 

9ln  a 


1)2-1 
a  / 


For  numerical  values  in  a  particular  case  take  a  =  90°  and 
«  =  1.667.  Then 


D  =  1.250  (P.  14) 


and 


4  -  (1.250)3  r(3)(^)  Cg^  +  °)  (.6)(.4) 


rr  0 

(1)2 


A  =  1.250^  (1.42)  «  2.77 


We  see  that  the  combination  of  a  uniform  pressure  distribution 
and  a  “  90°  gives  leu?ge  weight  to  friction  on  the  outer  arc 
length  that  Is  nearly  parallel  to  the  centerline  (AB  In  the 
sketch.  Pig.  15)  2ind  so  bends  to  make  the  friction  torque  high. 


Oaae  8  (P.  27)  This  Is  the  same  as  Case  7  except  that 


(25)  q(0)  «  q^  COSO 

The  friction  torque  Is  then 
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FIGURE  XV 


EFFECT  OF  LARGE  NORMAL 
PRESSURES  NEAR  g  =  90° 
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a  a 

ciT^^(e)  <=o3^)v2n) 

(r^  +  R  3ln0)^R  do 

which  upon  Inte/^ratlon  gives 

(51)  T^j,  =  2nM  q^R  fr^""  slna  *1  R  sin^i  +  H“  -■y-  -'' 

The  friction  rad  Jus  ratio  then  becomes 

(52)  4  =  d3  ''l  . 

Note  that  even  though  Eq.  38  can  be  put  into  this  form,  D( 
In  Eq.  38  is  given  by  Eq.  7  while  D(b)  here  Ip  given  by  Eq 
and  la  larger. 

For  the  numerical  values  In  a  particular  case  take  a 
and  fi  =  1.667.  Then  D(e,a)  =  1.695  (P.  28)  and 
A(fl)  =  (1.695)^  [1  -  .6^]  =  3.81.  Comparlr.g  Cases  4,  6,  7 
and  8  with  9  =  5/3  snd  a  =  90°  gives 

D(B  =  5/3,  o.=90°)  A (5/3, 


Case  4  -  Hollow  sph.  unlf.  pres.  I.25O  4.12  ( 
Case  6  -  Hollow  sph.  cosine  pres.  1.532  3*52  ( 
Case  7  -  Hollow  torr.  unlf.  pres.  I.25O  2.77  ( 
Case  8  -  Hollow  torr.  cosine  pres.  1.695  3.81  ( 


6) 

.  27 

=  90° 


90°) 

P.  it3) 
.  46) 
P.  47) 
P.  49) 
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The  uniform  pressure  assumption  Is  seen  to  be  more  c^-nservatlve 
as  re^^ards  friction  torque  for  the  spherical  bearing,  but  not 
for  the  t  rroldal  bearing ;  and  the  cosine  pressure  assumption 
is  more  c  nservatlve  as  re^^ards  size  for  both  cases.  The  cosine 
pressure  assumption  Is  more  realistic  for  both  shapes  and  with 
this  we  see  that  for  the  aru^le  i  «  90°  and  <='  =  1.667  the  hollow 
spherical  bearing;,  has  both  smaller  size  and  lower  friction  than 
the  hollow  torroldal  bearliv:. 

Case  9  (P.  28)  Here 

q>)  =  % 

03  =  dr/co3v 

and  the  limits  of  Integratlcn  are  and  r^.  The  friction  torque 
becomes 


r 

n  O 


r 


fr 


aTj.^(r,)  -  f  u(q^)|2rr)i-“-0)(r) 


which  upon  lnte[:;ratlon  t^ives 


(53) 


2nuqg  -  rj3) 


■fr  C03V 


T 


The  friction  radius  ratio  becomes 
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( 54 


A 


(1 


_ ^ 

cosv 


Thus  while  the  size  of  this  conical  bearing  is  the  same 
as  for  a  flat  bearing,  the  friction  torque  increases  by  a  fac- 
r,or  ot  - . 

COS'' 

The  largest  v  used  would  probably  not  exceed  45°  due  to 
the  wedging  that  would  occur.  Thus  for  v  =  45^  and 
fl  =  1.667,  A  =  1.4l4  times  that  of  the  flat  bearing  with 
the  same  r  or  (See  P.  39  for  1.530). 

A  (r  =  V  -  45°'  -  (1.414'  (1.530'-  -  2.17 


Case  10  (See  P.  30>  In  this  case  the  normal  forces  are 
all  acting  at  the  rj^dlus  r^  so  that 


T 


fr  “ 


UilP 


in 


){2Trr 


) 

/ 


Using  Eq.  28  for  gives 
155)  dP  rycosv 


The  friction  radius  ratio  then  becomes 


(56) 


A 


3  D 

^  cosv 
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For  the  spherical-conical  bea^ln^:,  shown  In  Pl(i.  3>  (P*  b)  with 
the  numerical  values  of  Paiges  3^  and  35#  we  have  (See  P.  35 
for  D) 


A 


3 


cos  ^5^ 


7.24 


While  this  seems  hlf';h  note  on  P.  36  that  this  bearlni;  Is  about 
2.66  times  as  lar^e  as  a  flat  bearlnjj;  with  the  same  materials 
and  axial  load  capacity. 


In  all  of  the  cases  above  we  are  probably  not  too  worried 
about  hlth  friction  torques  due  to  axial  loads  as  these  loads 
are  only  acting  a  relatively  short  time  and  the  mechanism  may 
not  even  be  required  to  operate  during  the  axial  acceleration 
Intem'al .  The  results  above  are  included  mainly  for  complete¬ 
ness  . 
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SECTION  II 


TRANSVERSE  LOADING  ON  BEARINGS  WITH  AXIAL  LOAD  CAPACITY 


General  Procedure 

A  reasonable  distribution  of  normal  forces  will  be  assumed 
for  each  of  the  bearing  shapes,  and  the  friction  torque  and 
transverse  force  will  each  be  found  In  terms  of  the  maximum 
normal  contact  pressure.  This  will  allow  the  friction  torque 
and  maximum  contact  pressure  to  be  expressed  in  terms  of  the 
transverse  applied  force. 

Cases  1  and  2  -  Plat  Bearings 

These  flat  bearings  cannot  resist  transverse  load.  They 
were  analyzed  because  they  provide  the  most  reslstsmce  to  axial 
load  and  so  form  a  standard  for  the  other  bearings,  and  because 
they  can  be  used  In  conjunction  with  Journal  bearings  which 
are  studied  in  SECTION  III. 

Cases  3,  3t  and  6  -  Spherical  Bearings  -  Hollow  and 

Solid 

Only  one  normal  pressure  distribution  will  be  considered 
for  spherical  bearings  under  transverse  load.  Solid  bearings 
will  be  considered  as  a  special  case  of  hollow  ones.  Figure  16 
shows  the  bearing  and  the  parameters  of  Interest. 

The  normal  pressure  has  been  taken  to  be  a  function  of  the 
latitude  angle  and  the  longitude  angle  As  a  reasonable 
distribution  for  Initially  conforming  surfaces  such  as  these 
we  assume 

-  53  - 


General  Technology  Corporation 


FIGURE  XVI 


SPHERICAL  BEARING  FOR 
TRANSVERSE  LOAD  ANALYSIS 
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(57) 


q{e,») 


slnO 

sTrvi 


COB* 


<  0  <  a 


This  (jlstrlhutlon  Is  sketched  In  Pl^.  16  as  a  function  of  0 
for  *  =  0.  For  any  other  *  between  -  J  and  ^  the  variation 
with  9  Is  the  same,  but  all  values  are  scaled  down  by  the  fac¬ 
tor  cos  The  longitude  of  rasixlrauin  normal  pi'essure  Is  taken 
behind  the  plane  of  the  transverse  applied  load  by  an  acute 
angle  y  as  shown.  At  a  fixed  latitude  9,  the  pressure  Is  as¬ 
sumed  to  drop  off  harmonically  with  longitude  ♦  from  this 
maximum  value.  Similarly  at  a  fixed  longitude  *  the  pressure 
Is  assumed  to  vary  harmonically  with  0,  being  maximum  when  9 
Is  maximum.  The  angle  y  Is  caused  by  the  transverse  resultant 
friction  force  as  will  be  seen  below. 

The  angles  and  radii  are  related  by: 

(11)  r  =  R  slnO 

(12)  r  =»  R  slna 

o 

(17)  r^  =  R  Slna^ 


and  the  radius  ratio  9  is 


(19) 


o 

1 


The  differential  element  of  area  Is 
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(58)  dA  =  (Rde)(rd») 

Thfc  friction  torque  due  to  the  normal  pressure  q(f))  on  the  area 
dA  is 

(59)  =  uq(e,  ♦)(dA)(r(0))  »  (u)(dN)(r) 

which,  when  equations  11,  12,  I7,  57,  and  36  are  used  can  be  writ¬ 
ten  as 

uq  sine  cos^- (Rd  U)  (HsinOd  4  )  (RslnG  ) 

dT.  (9,»)  =  —2 - 

Blni 

or 

pq  r  ^  o 

(60)  dT^p(9, '•)  =  - —  (0ln”^G  co8»)  dOd$ 

sin  nt 

Then  the  friction  torque  becomes 


•fr 


■I 


9=a  ^  = 


0=0.  ^ 


r  "‘fr 


or 

(61) 


Tfj.  (q^.a.a^)  = 


Op  2  2  *1 

^‘^^o^o  *  "  ^osi  sin  a  +  2(co3aj,  -  cosa)  ■ 

- - - - - 

3sln\ 
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In  order  to  find  in  terms  of  the  transverse  load  applied 
to  the  bearing  we  must  find  the  transverse  components  of  dN 
and  dPr  and  write  the  transverse  equations  of  equilibrium. 

Prom  the  symmetry  of  q(0,^)  about  the  xz  plane  we  see 
that  the  distribution  q(6,^)  has  zero  component.  Its 

component  is  given  by 


(62)  -  X  «  r  I  ^  (q(0,  ♦)dA)(8ine)(coB*) 


Which  upon  integration  becomes 


(63)  “  ^  — 1“  [(cosa^  sin^aj^  -  cosa  sln^a) 

6  sin'^a  ^ 


+  2(cosa^  -  cosa)^ 


The  symmetry  of  q(9,^)  atout  the  xz  plane  also  gives  zero 

component  of  the  friction  force.  Its  ’ffr  component  is  given 
by 


(64)  -  -  J  J  ^  uq(0,$)clA  cos* 


which  upon  integration  becomes 
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(65)  -  y,_  -  — -■*‘g  [(a  -  a*)  -  4  (#ln  2o  -  8ln2a,)l 

^sln-’o  L  1  <i 

The  equilibrium  of  forces  parallel  to  the  xy  plane  then 

gives 


1/2 

(66)  ^tr.l  brg.  “  "^fr^^^ 

and 

( 67 )  tan  Y  “  ■ 

which  can  be  used  to  express  y  1-n  terras  of  the  geometric  quan 

titles  a  and  and  the  coeflclent  of  friction  u.  Of  more  In 
terest,  however,  la  the  relation  between  and  q^, 

which  can  be  written  as 


(68) 

where 

(69) 


^ra  brg.  “  -  uV(.,a,)] 


i/2 


*aln 


1  r  P  P 

A(a,aj^)=  ^  [(cosa^  sin  n.^  -  cosa  sin  a) 

+  2(co3aj^  «  cosci)"* 


(70)  B(a>a^)  =  ^  r(a  ~  n.^)  -  ^(sln2a  -  8ln2a^)  j 
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and 

(70a)  tanv  -  ^ 


To  make  the  results  dimensionless  we  Introduce  a  reference 
transverse  outside  radius  #  such  that  the  transverse 

load  on  one  bearing  divided  by  the  area  of  a  semicircle  of  this 
radius  gives  q^.  Thus 


(71) 


ref.tr. 


r^^tr.  1  brg.  r^tr.  shaft*'^^^ 

L  n  q^  j  u  n  q^  j 


(Note  the  similarity  In  form  to  Eq.  4,  P.  7)  Then  we  define 
the  transverse  size  ratio  as 


(72) 


'tr  “Irn 


o'ref . tr. 


(Note  that  »  1  for  a  =  90°,  =  0°,  and  q(e,^)  "q^;  and 

compare  to  Case  3  where  D  =  1.) 

Using  these  definitions  Equation  68  beccmies 


(73) 


•a 

r  sln-’i 
2(A^  +  uS^) 


1/2 


-  59  - 


General  Technology  Corporation 


Next  a  transverse  friction  radius  Is  introduced  by 


(74) 


^fr.  tr. 


^fr.l  brg. 

^  ^tr.l  brg. 


and  a  reference  transverse  friction  radius  by 


(75)  rfr.  ref.tr.  =  7 

A  cylinder  of  radius  r^  and  length  h  with  uniform  pressure 

over  half  of  Its  circumference  has  a  friction  torque  of 
^  ®  transverse  load  of  ^  q^lPr^h). 

Its  tremsverse  friction  radius  Is  then  r^„  =  '^f>p/(oP.^  j,  ) 

=  TTr^/2,  Both  (To^ref.  tr.  ^fr.  ref.  tr.  are  quite  artlflcla 
Finally,  a  transverse  friction  radius  ratio  Is  Intro¬ 
duced  as 


(76) 


^fr. tr. 
^fr.ref . tr. 


^fr.tr.  ^  2  "^fr.!  brg. 

S  r  ref.  "  ^tr.  Ibrg.  '’o  ref. 


combining  these  definitions  with  the  expressions  for  and 

in  terms  of  gives 


(77) 


‘tr. 


8 

- - 

n  slna 


[i?  +  u'E 


1/2 


1 

tr.  j 
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V  l-.iciuioxC'gy  Cu./pi^-.'L.ci on 


or 


(78) 


..  8  COSY  tr.  . 

Afcv*  “  ~  J-  \D.  } 

slna 


when  Eq.  67  is  used. 

For  numerical  values  consider  the  4  cases: 


a  =  90° 

with 

R  -  *  and 

B  =  5/3 

and 

a  =  30° 

with 

8  =  09  and 

8  -  5/3 

where  u  =  .17  (P» 

122). 

(g  =  90^s  Q  »  <»)  (Pull  solid  hemispherical  bearing) 
=  0® 

(69)  A(a,ai)  =  ^  [(0  ~  0)  +  2(1  -  0)1 

=  .333 

(70)  uB(a,aj^)  “  C(^  -  0)  -  ^  (slnn  -  slnO)] 

=  =  .0667 

tany  =  ^  =  .200 
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'»e  icrai  ^  a-'^.i  u:. 

(70a)  Y  “  11.33^  =  .198  rad. 

COSy  =  .980 


(73) 


^  X/ 

[  1 

^172’— - TTTTT 

L21  ''A*"  r 


1 

TTTnf 


1  p 

fcosa"' 

Lt^. 


_ 

lAl^i 


v  =  1-2’=’ 


a 


°  90° j  ^  =  1.667  (Hollow  hemispherical  bearing) 

A(a,cip  =  ^  r((.8){.6)2  -  0)  +  2(.8  .  0;]  =  .514 
VjB(a«a^)  =  “  .6112)  -  ^  (O  -  sln73*ii°)j  =  .0599 


tany  = 


,291 


Y  =  10.8°  =  .188  rad. 


cosy 

D 


=  .984 


1  7.964 

=  OPT  ^313^ 


tr 


1  .2S0 


This  small  increase  indicates  that  the  section  f r  .m  0  =  0 
to  0  =  =  36.8°  does  not  carry  much  transverse  load  when 
a  =  90°,  This  seems  reasonable. 
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1 


iiciiex-dx  recarioxui^y  Coi-p'-'i 


1  -=  3Q*^j  g  =  »  (Solid  bearing  with  outside  half  angle  of  30°) 


a4  =  0 


^  C(0  -  (.866)f.5)^)  +  2(l  -  .866)1  =  .00859 
-  0)  -  (.5(8ln60‘^  -  slnO^)]  =  .OO387 


uB 

tany 

Y 

COSY 


T” 

.00387  _ 

24.23° 

.9n 


.^5 


^1/2 


1/2 


3/2 


»„  -  r  2||1  ..A  :  .  [^1  r:i„  (.5)'  . 


(This  relatively  high  value  of  may  control  sizing.  Check 
below. ) 

g  =  30° j  ^  1.667  (Hollow  bearing  with  outslae  half  angle  of  30°) 

af  =  17.47°  «  .305  rad.  (P.  24) 

A  =  ^  r(cosl7.^7°  sin^  17. ^-^7°  -  .2165 

+  2 (cos  17.47°  -  .866)1  -  .00790 
uB  =  “  -305)  -  .9  '.866  -  8ln34.9^°)l  =  .OO308 

for,  .00308  _ 
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/oi.c.’i'  Vec-anoio  'j  Co:  ^ 


Y  “  21.3 
cosy  “  .931 


^tr.  “  [  'i^TSO  ]  VT^.i^h 


3/2 


=  2.71 


The  relatively  high  v^ilues  of  D.  ,,  for  a  30^  may  control  slz- 

U  i.  • 

Ing.  To  check  this  we  go  to  the  definitions  of  D,  and  D  to  get 

bl?  • 


(7  ^^tr ^Maximum  allow¬ 
able  for  axial 
loading  to  con¬ 
trol  sizing 


P  /O 

T.  r  axial  design  (70) tr.  design 

^design  (P  1  j  (q  j  ^lal 

'  tr^Total  de-  '^o' 

slLin 


,  V 


Using  the  numerical  values; 


*’axlal  deelgn  “ 

^’tr  total  design  “ 

<lo  axial  design  '  ^'*2,000  pxl  (P.  95) 

(’o^tr.  design  "  P®1  (P-  95)  noting  that 


the  bearing  must  allow  rotation  under  the  transverse  load ) , 


gives  for  the  four  cases  considered: 
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je.'io^  ai  I'erhi'  ;io/  j  L ur*p».-i’atl<jn 


=  0;  D(a,aj)  ®  1.225  (cosine  load  P.  25) 


tr.  max 
allow. 


=•  1.225  ^  *  iSitTOffJ  ■  (1*225)  (1.80)^'^^ 


f77) 


°tr.  max.  =  1*225(1. 3':2)  =  1.61.2 
allow. 


Thus  the  sizing  Is  controlled  by  the  axial -loading  for  this 
bearing  and  loadliig.  (^tr  “  1.212  (P.  62)) 


q  =  1.667 

oj  =  36.8°,  D  =  1.532  (cosine  load  P.  25) 

V.  max.  “  '-^32  M.342)  =  2.06 
allow. 


Here  the  sizing  is  still  controlled  by  the  axial  load. 
=  1.250,  P.  62) 


^0",  ^  " 

=  0,  D  =  1.036  (cosine  load,  P.  24) 


ur.  max. 
allow. 


=  :i.03:3.'  (1*342)  =  1.390 
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jcr.eral  rechnuio/ ,,,  torp jrailon 


g  =  30°  ^  =  1.667 

aj  -  n.ky°,  D  -  1.283  (P.  2A) 

‘^tr.  n,ax.  ano«.  "  (1-283)  (1. 3^2)  =  1.723 


In  these  last  two  cares  the  transverse  loadlnc  definitely 
controls  slzlnc  (I^^r  “  =  2.71  respectively, 

Pages  63,  64). 

The  main  general  conclusion  about  the  relative  suitability 
of  shallow  (0  =  30*^)  spherical  bearings  Is  then  that  the  design 
axial  load  must  be  much  higher  than  the  design  trai. averse  loads. 
In  any  particular  design  of  course,  the  actual  load  ratios  may 
depart  from  those  that  were  used  here. 

For  the  numerical  calculation  of  we  have  (Eq.  78): 

g  =  90^.  B  =  a>  cosy  =  .980  (P.  62) 


A 


tr 


?  ^  (.793)11  .212) 

TT^  (1) 


.964 


g  =  90*^1  s  ^  1.667  cosy  ~  .984  (P.  62) 


A 


tr. 


§  ^  »984) (1.230) 

^  (1) 


(.798) (1.250)  -  .998 


a  =  30°.  <■  «  C08Y  =  .911  (P.  63) 
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=  P  (-gU)  (2,^8)  „  (i.48)(2.58) 

rt^  (.5) 


B  =■  1.667  COSY  =  -931  (P.  64) 


''■tr  ==  - 1-  =  (1.51)(2.71) 


3.82 


4.09 


These  results  Indicate  less  friction  toique  when  a  =  90^ 
than  when  a  ^  30^*  and  also  only  a  very  small  Increase  In 
friction  torque  for  hollow  spherical  bearings  over  solid  ones 
with  the  same  outside  angle. 

It  would  be  of  interest  to  have  a  numerical  value  for  the 
operatln^i  friction  torque.  Let  us  consider  the  case: 


We  have  D,  =  1.212  (P.  62)  and  also  that  the  axial  load- 

1/  X  • 

Ing  controls  size  (P.  65).  If  we  had  sized  on  the  basis  of 
transverse  load,  we  w^uld  ;^et  a  slightly  smaller  besirln;^: 


(71) 


o^tr 


slzin/j 


r  "  ^^tr.  ^  ^^'o'^ref . tr. 


79 


I 


P  1/2 

r  tr.  shaft 

■  ^'‘^o^des .  tr . 


Usln^.  the  numerical  values  of  P.  64  (^Ives 
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,1/2 


^^o^tr.slzlnc  '  ^'^*212)  [  (3.14) (2ii'2',0W)'  j  =  (1 .212) (.00342) 

=  .00415  In. 


Blzlnc  “  -OOSS  In. 

For  axial  load  alzln^j;  (See  PP.  11  and  25): 

=  (1.225)(.0092)  -  .01126 

The  friction  radius  for  transverse  sizing  Is 

<^fr.J*r.  8lzing=  .tr.=  ( •96^)(1.571) ( .00342) 


I’ 


fr.tr.  sizing 


.00516  in. 


and  (iSq.  Y^) 


T.  . 

II'. 


2  brg .  ^ 


(r 


fr}tr. 


=  (..17)16.87)' .00518) 


"^fr.tr.  2  brg.  =  .0i06  lb.  In. 

Comparing  this  to  (2)  (.0120)  =  .0240  In.  lb.  on  P.  95 
shows  some  theoretical  advantage  to  the  hemispherical  conformlrt^ 
bearing  over  the  cylindrical  journal  bearing. 


on 


r,.:> 


Cases  7  and  8  TORROIDAL  BEARINQS 

Using  the  notation  of  the  sketch  (Figure  11)  on  P.  26 
we  have,  corresponding  to  Equations  11,  12,  and  57  (‘Is  the 
longitude  angle  as  on  P.  • 

(78)  q(9,*)  =  cos*  (0  <  0  <  i) 

;2l)  r  +  R  sinQ 

and 

(22}  ~  ^1  ^  ^  slnor 

The  differential  element  of  area  dA  Is 

(79)  dA  =  (Rdfl)(rdf)  =  (Rd0)(rj  +  Rslne)  dl* 

The  friction  torque  due  to  the  normal  pressure  q(0,^)  on  the 
area  dA  Is 


(80)  ^"^fr  ^  dqe>^’)  dA(o,*)r(e) 

which,  when  the  equation^'  above  are  used,  can  be  written  as 

(e,^)  -  uq^  |j~  cos^  (Rdo)(r^  +  Rslne) 

>0*  '(r^  +  Rslne) 


or  as 
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(81) 


Jii?  r 

+  ^(l-'^)8lna  sln^9 


slnfi 


+  (1  -  sln^e j(co8*)d»  do 
The  friction  torque  then  beccMries 


or 

(82) 


■fr 


J 

'J0«O 


mt 

9®(i  ^  “  2^ 

-  rr  fr 

♦  j 


(9,^) 


.  C03a) 

Sin  a  “  B 


+  ^  (^ 
fi  ^ 

-d  --^)"(f- 


t)(|- 

%  cos.l 


3ln2a\ 

“T-—' 

2 

cosa  sin  ax’’ 

- 5 - 


The  component  of  the  transverse  load  Is  zero  because 
of  the  symmetry  of  q(0,t)  about  the  x  axis  {k  =  0).  The 

component  Is  given  by 


-  70  - 


lb  ~ 


(83) 


-  X 


^  ^0=0  -  - 


TT 


n 


[q(9,^)  dA] (sine) (cos^) 


which,  upon  integration  becomes 


(8^1) 


-  X 


n  1 

o 


I  ^ 


f) 


2  3in\ 


rs::.na  3ln2a\ 

“5 —  '’S'  •*  — n — / 


+  (1  “  t)^|  "  I 


The  symmetry  r.f  q (0,  ?)  about  the  x  axis  gives  zero 

component  of  the  friction  force.  The  component  Is  given 

by 


o=a 

P 

"^0=0 


1 


r 

? 

iTc  v'c,  '*)  dA1  cos^ 

n  ' 

“  ? 


which  upon  Integration  becomes 


''yq^fogi 


p  O  1 

d  J.  i  1 


rslng  -  -J 


coDn  ) 


,  a  3in2c \  1 

.  ^  -  —1;—)  ^ 


+  .1 
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The  equlllbrlmn  equations,  66  and  67,  then  give 


(87) 


tr.  1  brg. 


Tiq  r  ”  '1-— )j,p  p?  ^ 

—  '  - - +  X?  P^(a,S) 

Poln-’  n.  - 


and 


tan>  - 


where  E  and  F  are  defined  by 


>89) 


xft  r.\  r  slnii  a  3ln2'i  ^  I\r2  ^ 

E{a,B)  =  [  - jf  K  +  vl  "  cr)'^  -  ^  C03a 


1  ? 

^  cosa  31  n  a.)  j 


and 


(90) 


P(a,B)  -  [  2|sa  ;l  -  cosa)  -  (1  -  i)(|  -  Si^) 


Using  the  deflnltlont?  d1'  and 


and  the  results  above 


gives 


(91) 


and 


Sin  ^rj, 

- - - n? 

(S'*  f  P’'^) 


-  72 


(.92) 


\t .  i 


Tf  c iin  D  J  c.  , y  'J c  j.’p f )i  a  ;  i  <  . . 


8 


r  -— 


E  +  £i2£S.  E 


■  (e2  +  ^V) 


_ B 

T7T 


Ae  a  partial  check  note  thet  as  ^  approaches  »  the  right  slJe  of 
92  appP'  aches  Liia  ri-'ht  side  of  'f'.ir  c.,  -  w.  and  the  right 
Bide  of  9(  a  p  roach‘^3  the  ri  oit  .TLca  of  7o  -  0).  Thus 

the  limiting  behavior  as  the  torroidal  beai'i.n^  becomes  a  solid 
spherical  bearln  :  checks. 

For  numerical  values  note  that  for  B  «  we  get  the  same 
results  as  for  the  spherical  bearing.  Thu 3  consider  the  two  cas':s 

a  =  90°,  B  =>  5/3  and  a  =  30°,  B  =  5/3 


g  “  90°,  B  -  5/3 


(89) 


E(9C°, 


3  'r; .  i 


Bln  180' 


/  .. 


,2 


-  •6)v'^  cos  90 


4  cos  90°  Bln^  90° )1 


«  .738 


(90  F{9C^,  |)  =  f  (.6)0.  0)  +  .4)(J)'’ 


-  .91^1 


(li  =  .17) 
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(91) 


tr 


(.4)  [  .738^  +  (A7fi,9:M) 


>21 


[7?] 


1/2 


=  1.822 


As  we  should  expect,  the  cut  off  spherical  bearlrv^  resists  trans¬ 
verse  load  more  efficiently  {p.  62,  «  I.25O),  because  Its 

Inner  edge  makes  a  greater  angle  (36.8°  In  this  case)  to  the 
transverse  load  than  does  that  of  the  torroldal  bearing 
(0^  In  all  cases). 


(92) 


n  (1)  -  .734 


=:  1.651 


Comparing  this  to  =  .998  (P.66)  for  the  hollow  spherical 
bearing  with  the  same  a  and  p,  sliows  that  for  the  same  load  anc 
stress  the  torroldal  has  more  friction  pi'lmarlly  due  to  Its 
greater  size. 


E(30°,  1.667)  =  .020:.) 
F(30^,  1.667)  -  .050d 

o  P  P 

(ET  +  u^F"^)  -•=  .0228 
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D 


tr 


^.70 


‘tr 


8 

77:7) 


[ 


.H)i .0208)  +  (.3)(. 038^0 

.0220 


',.70 


6.75 


Ayaln  the  torroldal  beari’'  loss  efficient  in  resisting  trar'-.s 


verse  loads  (D,  ,  -  2.71,  ■'?.  64)i  and  for  the  same  loads 

U  ^  • 

and  stresses  has  a  greater  friction  radius  ( A^.  .  )9  7^.  67)) 

L  j.  •  o  n  • 


Case  9  CONICAL  BEAHIiJO 

For  this  case  we  assume  the  normal  pressure  distribution 
'.See  sketch  Fig.  12  (P.  29)): 

.  J'.)  s  r,’)  =  cos^  c,  r  J  r^} 


n 


) 


The  differential  element  o'  areo  in 


1.9^) 


dA  -  . — )  ir  u^) 
cosv 


The  friction  torque  due  to  the  nonaaJ  pressure  q^r,'^)  on  the 
area  dA  is 

(9^.)  '^'^’fr  '■*  MdA  r,t)r 


or 
Qc  ) 


dTjp^  .r,  -  V'  q^,cr,3^)  ’r) 


Th'i  total  friction  torque  is  ther. 


Geiiftral  Techiioxogy  Coiporatlon 


or 

(97) 


1  brg. 


2 

co8$  r  drd* 


cosv 


"^fr.  1  brg. 


%  ^0 
3  C08V 


(1  -4) 


The  component  of  the  tran8verse  load  Is  again  zero 
by  symmetry  and  the  component  Is  given  by 

q(^)  dA  sinv  co8$ 

which  upon  Integration  becomes 


(98) 


-*n  = 


o 


tanv 


(1  “  —^) 


The  component  of  the  friction  force  Is  aj^aln  zero  by  sym¬ 
metry  while  the  component  Is  given  by 


r=r^ 

n  o 


"Wr. 


q(^)  dA  cos% 


which  upon  Integration  becomes 
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(99) 


-  Y 


fr 


4  coav 


) 


The  equilibrium  equations  66  and  67  elve 


(100) 


^tr.  1  big. 


2 

o  o 
4  cosv 


(1 


^  )(aln^v 


7 


,  1/2 
u^) 


and 

(101)  tanv  =  ^ 


Using  the  definitions  of  aiid  with  the  above  results 


gives 


(loa)  0,,  .  r  ^ ^ 

fl  -  i)  (slri  V  ^  ) 

B 


,1/2 


and 


(103)  6 


(1  -  ^ 
16  B- 


tr  ^  '2 
3n 


( 1  -  — ( sin  V  +  p  ) 


T7? 


For  numerical  values  use  v  =  4^)^^  and  talclni;  p  =  .17  as 

usual ;  then 
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C-  a’p'  iratlo:. 


and 


r  (2)  (cos  45°) _ 

(1  -  .6^)  [(.70Y)2  +  (.17)^]''''® 


1 


1/2 


J 


16  (1  -  . 6^)  (1 .  -7^) 

3n^  (1  -  .6^)  (.727) 

1.581 


These  seem  In  line  with  the  other  numerical  values. 

Case  10  Bearing  with  Theoretical  Line  Contact  Using  Figure 
13  of  P.  31  and  the  longitude  angle  we  assume  a  transverse  nor 
mal  force  distribution  of 


(104)  p(»)-P,„C03» 

The  arc  length  on  which  this  acts  Is 

(105)  ds  =  r^  dt 


) 


so  that  the  differential  friction  torque  becomes 

dT^^  =  MP(^)  (d3)(r^)  -  'u  p^)  fcosf  )(rQ)(dO(nQ) 
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The  total  friction  torque  la  then 


TT 


(106) 


fr 


=r 

=  -  Tr 


fr  o 


The  component  of  transverse  force  Is  tlven  by 


-  “I 


♦  = 


TT 


^  (p^  co8*)(r^  d»)(Blnv)(cos») 


'e 

)r- 


or 


(107)  -  =.  5  (P„  alnv; 


The 


component  of  transverse  force  Is  ^.’•.Iven  by 


n 


-  =J  ^  cos»)fr^  d«)(co3^) 


or 


(108)  -  Yj,j,  = 


"  Pm  '’o 


The  equilibrium  equaclons  66  and  6j  then  give 


'^°5)  Ptr.l  bre.  =  “’o  ^ 
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(110)  tany  - 


Using  the  definitions  of  and  with  the  results  above 


gives 


(111) 


tr  L 


^1/2 


/.  2  ,  2  \ 
^sln  V  +  u  ) 


(112) 


8  (D,„) 


t  r  p  p  p  1/  I 

TT  ^sln^^v  +  M^) 


Eliminating  a  between  equations  124  and  125  gives 


(113)  - 


It  R  q  ‘ 
0^0 


Using  the  last  equation  to  eliminate  from  the  expression 


above  for  gives 


hr  “  r  i  5^  -^172  1 


If  r^  has  been  determined  with  axial  load  sizing:,  Equations 
4,  5>  and  29  give 


8(^ 
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(113) 


^€LXlal 


o  axial  load 
sizing 


2"^  "o 


while  with  radial  load  sizing  equations  109,  124,  and  125  give 


(Il6)  transverse 


^tr.l  brg.) 

2  _  2  „  - 2  .  2 


load  sizing  tt  (sin  v  -f  a  ) 


177 


To  determine  whether  sizing  is  contrcleo  by  axial  or  trans- 
verse  loading  we  take  the  ratio  of  giving 


/  r  ) 

'  o'tr.  load  sizing 
than  one .  Thus 


and  see  whether  it  is  greater  than  one  or  less 


^  r  )  o 

o' axial  load  p  (fn  )  r 

(ll'7)  Sizing _ _  ,  axial  ^o'tr.  design^  ^ 

o^ transverse  tr.2  brg.  ((^  )  .  ,  Hpsir?n^ 

load  sluing  '  ^'’-o^axlal  design 


2  2 

r  (31^%  ■*-  V-  ) 

2  C03V  j 


If  this  ratio  Is  set  equal  to  one  we  can  solve  for  an  "optimum" 
angle  v  for  this  type  of  bearing,  in  the  sense  that  the  bearing 
has  equal  strength  in  both  directions.  This  dees  not  necessarily 
give  the  lowest  friction  torque,  or  the  best  angle  v  from  a 
wed/;lng  point  of  view  however,  and  should  be  used  with  ca  itlon. 
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a 


r-j  j.uic 


!•; 


To  see  what  happens  let  us  take  a  particular  numerical  case. 
Taklnc 


faxlal  “  lb.  'P.  i:4) 

^r.2  brs.  =  ’-2") 


using  the  same  design  pressure  for  axial  loading  and  transverse 
loading,  and  setting  the  left  hand  side  o.t  Eq.  117  equal  to  one 

gives 


,  _  (  16.95  ^  I 

^  ^  "tf87  ^ 


f  sln^v 


±^h 


1/2 


cosv 


For  u  =  .17,  we  get  v  =  which  is  so  close  to  45°  that  we 

can  consider  v  to  have  been  45^^  and  axial  load  sizing  to  have 
controlled.  Equation  (11.1)  then  gives 


8i  D 


tr 


‘tr 


r^-  (sln^  45°  17^) 


T77  “  ) 


Using  the  data  of  PP.  34,  35  In  Equation  (ll'b!  gives 


(21  X  10°) (.0144) 


(3. 14)^285, 000) (.0203) (.707^  +  .17^) 


T7? 


] 


1/2 


and 


Dtr  =  '*•72 


4,.^.  1.112^4.72)  =  5.25 


Which  are  In  line  with  these  quantities  for  the  other  bearings 


considered . 
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SECTION  III 

JOURNAL  SHARINGS 

Having  rejected  vee  Jewel  bearings  on  the  basis  of  their 
transverse  flexibility  (see  SECTION  IV),  we  are  left  with  two 
general  types  of  bearliiga;  Journal  bearings,  and  comblnct]  tfu*u3U 
and  transverse  bearings.  The  possibility  of  the  use  of  a  Jour¬ 
nal  bearing  for  the  forwai'd  bearing,  and  In  conjunction  with  a 
thrust  bearing  for  the  aft  bearing’-  will  now  be  considered. 

A  cross  sectional  view  of  a  Journal  bearing  is  shown  In 
Fig.  17. 

A  cylindrical  shaft  of  diameter  d  (In.)  turns  In  part  of 
a  torroldal  Jewel  with  Inside  diameter  d_  f  c  (In. )  and  meridian 

O 

radius  fin.).  As  a  limiting  case  the  bearing  may  be  cylin¬ 
drical  (R  =  *)  and  the  axial  clearance  snown  may  not  exist  or 
■  B 

may  be  replaced  by  some  provision  for  withstanding  a  small  thrust 
load.  (Bearings  with  appreciable  thrust  capabilities  are  trea¬ 
ted  separately  In  SECTIONS  I  and  II.) 

Contact  Stress  Analysis 

The  limitations  on  d^,  R^,  and  ^  that  are  Imposed 

by  contact  stress  considerations  will  be  conaioered  first. 

When  two  convex  bodies  with  finite  principal  radii  of  cur- 

t  I 

vature  R^,  R^,  and  R^  ai’c  brought  Into  contact,  the  locus  of 
all  points  on  the  surfaces  that  are  Initially  the  same  small 
distance  z  apart,  measured  normal  to  the  common  tangent  plane, 
Is  the  elliptical  curve  wl';h  the  equation 
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FIGURE  XVII 


TYPICAL  JOURNAL  BEARING 


AND  NOMENCLATURE 
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(118)  z  =  Ax^  +  By^ 

where  x  and  y  are  cartesian  coordinates  In  the  tangent  plane, 
A  and  B  are  given  by  the  solution  of 

(119)  A  +  B  =  i  +  ^  +  i-r) 

^  ^^2  Rg 

arid 

(120)  B-A  =  ir(l.  l^j  ^  2(i  -  i, )(»  -  ^r)  co82* 

^  -  "1  Rj^  "1  Rj  "2  Rg 


+  ( 


,1/2 


and  where  1^  Is  the  angle  between  the  nomal  planes  containing 

^  and  ^  .  (See  for  example  Timoshenko  and  Qoodler,  Theory 
of  Elasticity  pp.  377-382. ) 

When  the  bodies  are  pressed  together,  the  boundary  of  the 
contact  area  Is  a  small  ellipse  with  major  and  minor  axes 
determined  by  the  force,  the  elastic  constants  of  the  mater¬ 
ials,  and  by  the  quantity  9  where 


(121)  COSO  = 

The  Hertz  contact  stress  theory  will  not  be  valid  unless 
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the  major  and  minor  axes  of  the  elllpst.*  of  contact  are  small 

I  t 

compared  to  the  smallest  of  R^,  ,  R^,  and  R^. 

For  the  case  of  two  lorv;  cylinders  with  parallel  axes 

I  I 

^  =  0,  =  «,  Rg  =  ®,  the  ellipse  (118)  becc/mes  two  parallel 

lines,  (B  -  A)  becomes  equal  to  (B  A),  0  la  zero,  and  the 
surface  of  contact  becomes  a  rectani,:le  of  lonp,  finite  lenpith 
and  short  viidth  compared  a.nd  R2.  '  effects  arc 

neglected  and  the  applied  load  is  unlfonnly  distributed  aloru, 
the  length,  a  valid  llmiuing  solution  (for  0  •  0)  is  obtained. 

However,  in  general,  as  0  approaches  zero,  the  two  surfaces  became 
more  and  more  nearly  conforming  in  at  least  orie  direction,  the 
major  axis  of  the  ellipse  of  contact  becomes  large  compared  to 
the  smallest  radius  of  curvature,  and  the  contact  stress  theory 
becomes  invalid.  Thus  the  case  of  two  long  cylinders  with  paraJ. - 
lei  axes  and  load  uniformly  distributed  along  their  Ien£;th  becomes 
the  only  valid  limiting  case  of  contact  stress  theory  as  0  ap  - 
proaches  zero. 

For  the  bearing  under  consideratJ  on  we  have  the  two  surt'aces 
conforming  in  the  circumferential  direction  lor  approximately 
half  the  circumference  but  we  ^  not  liave  a  uniform  distribution 
of  load  along  this  common  element.  The  end  effects  are  gradual 
however,  since  the  conforming  surfaces  turn  smoothly  with  respect 
to  the  direction  of  the  applied  force.  'With  a  roller  of  finite 
length  pressed  onto  another  the  end  effects  are  not  negligible 
and  the  solution  is  only  vailci  away  from  the  ends.) 
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V:. 


To  ahow  the  conforml  of  the  surfaces  take 


“  2“ 


Then,  (see  Plj^ure  l8) 


=3  a> 


s  .  c 


Ro  =  -  (  ^  + 


2“  ? 


R2  -  Rg 


ij  =  0 


A+B  =  i(i  +-.  +  ff  +-, 
"1  Rj  "2  Rj 


1  f2  +  1  2 

?  '37  “  ■  37” 

3  8 


8 '  8 


B  -  A  = 


r  -  i,)^  +  2(, 


‘1  H. 


R^  ”2 


2  Ro 
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FIGURE  XVIII 

I  ^  Shaft  4. 
Bearing  t ,  ) 


JOURNAL  BEARING  UNDER 


APPLIED  LOAD 


r 


2(i 


)( 


2 


+  ( 


2 

7i — rr 

3 


2,1/2 

)  ^ 


2 _ 

+  c 

3 


=  + 


cT 


1 
m 


B 


COB  = 


B  -  A 

w~rT 


1  'i 


r  ^ 

B7Ta;-— ) 

fcj  o 


If  lU  Is  very  larre  the  two  surfaces  conform  In  two  dlrec 

^  1 
tlons.  If  not,  T — T —  is  neollritjle  In  comparison  to  and 

Gg  -t-  C 

COSO  =  ;^  1 .  The  mini’s  sIjti  has  iio  slrulflcance  and  so  o  ap¬ 
proaches  zero  In  this  case  for  the  small  radial  cleareLnces  re- 
qilred  In  a  precision  mechanism  of  ihls  type. 

For  an  approximate  solution  we  precede  as  follows.  The 
conformlriG  direction  Is  the  clrcoiaferentlal  one.  V/e  assume, 
as  an  approximation  t_'  the  prcss  ire  d1  strlbuti on  In  this  dli'ec 
tlon,  a  cosine  variation  with  anrlo.  Thus  (see  Flj^ure  i8) 
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(122)  p(*)  =  pjjj  cos* 


Since  the  resultant  of  this  distributed  load  must  equal 


^transverse  I  brg.  have 


tr . 1  brg . 


*  = 

L. 


TT 


n 

? 


C08*)(-2-  d*)  cos* 


r,  3  TT 

Pm  ^  ? 


or 


(123) 


Pm  = 


^^^'tr.  1  brzJ 


Next  we  compute  the  maximum  contact  pressure  between 

two  cylinders  with  curvatures  in  planes  normal  to  their  con¬ 
forming  direction  of  ~  and  -4-  =  ^  which  are  pressed  toge- 

ther  by  a  uniform  force  per  unit  length  in  their  conforming  di¬ 
rection  of  Pjjj  (j^)*  This  gives 


(124) 


2  P 


m 


IT  a 


where  a  is  the  (small)  half  width  of  the  (oeformed)  rectangle 
of  contact  and  la  given  by 


(125) 


a 


r 


“I  p„ 

m  o 

TT 

o 


^1/2 
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and 


126) 


while  13  cowputed  from  Equation  131  101,  SE-’TION  IV, 

f See  for  example  Timoshenko  and  Qoodler,  PP.  381-2.) 

Finally  we  ccnalder  that  the  value  of  calculated  in 

V. 

this  manner  ‘  ar.  equiv£len<^  cylinder  of  ?  irvature  -ir  pressed 

onto  a  plOiie  of  curvature  i  -  0  by  a  uniform  load  per  unit 

length  of  calculated  from  P*...  ,  .  and  d„  as  above)  Is 
m  tr.  1  brg.  s 

a  good  approxlnatlon  to  the  maximum  value  of  contact  pressure 

that  rctual../  exists.  Because  of  the  smooth  variation  of 
o 

P  with  ^  and  the  reasonableness  of  the  assaiied  cosine  dis¬ 
tribution,  the  writer  feels  that  this  solution  will  give 
results  of  crdinary  engineering  accuracy,  i.e.,  no  greater 
error  will  be  Introduced  than  tuat  due  to  to3erance5  on  Rg 
or  estimates  of  example. 

Equations  123,  124,  and  I2p  can  be  combined  to  give  an 
expression  for  the  minimum  value  .or  if  we 

want  to  al lov  for  the  possibility  of  the  shalt  having  non 
zero  merldlar  curvature)  in  terms  of  the  trersiverse  load, 

^tr  1  brg  material  properties.  Tblo  gives 


E  F 

U27)  nlrlni'jm  ‘  - 


QoneraJ  Techa  >.\'rp<./j’aLloa 

The  differential  friction  torque,  ,  Is 

d 

^'^fr  “  ,  i:)  (•^) 

Suinmlng  up  all  these  differential  torques  froir  t  ^ 
to  *  and  using  Eq,.  123  to  eliminate  gives 


(128) 


"^fr.  1  brg. 


'^3  ^ 


u  C084  cif 


=  u 


1  brg. 


B 

T 


In  this  analysis  the  meridian  section  of  the  bearing  has 
been  assumed  to  be  convex  with  Rg  as  Its  radius  of  curvature. 
This  effectively  gives  the  shaft  a  simple  support,  I.e.,  one 
not  capable  of  applying  an  end  moment.  If  Rg  is  increased 
so  that  the  shaft  and  beai  'ng  co  iform  i.n  the  axial  direction 
also,  then  the  bearing  la  capable  oi‘  exerting  an  end  moment 
on  the  shaft,  and  for  a  given  d  the  shaft  becomes  otlffer. 
While  this  Increase  in  stiffness  is  an  advantai'.e,  it  would 
be  balanced  out  by  two  disad  van  cages: 

1.  Instead  of  theoretical  line  contact  in  the  undeformed 
state  and  contact  over  an  area  with  one  small  dimension  In 
the  deformed  state,  there  is  theoretical  area  contact.  The 
usual  effect  of  this  is  to  increase  the  number  of  small  our- 
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face  Irregularities  that  are  elastically  (say)  pushed  out  of 
che  way  each  revolution  and  to  thus  increase  the  coefficient 
of  friction. 

2.  When  the  bearing;  is  exerting  a  bending  moment  on  the 

shaft  In  addition  to  a  net  transverse  load,  the  normal  forces 

producing  friction  are  larger  than  the  net  treuisverse  load 

by  twice  the  quotient  of  restraining  moment  over  effective 

bearing  length.  Thus  in  Figure  19  the  ncrmal  forces  on  the 

shaft,  which  produce  friction,  are  increased  from  ^ 

"  tr. 1  brg. 

2  M 

for  the  simple  support  to  ^  «_  for  the 

restrained  support. 

Thus  If  a  Journal  bearing  is  used,  there  should  be  theore¬ 
tical  line  contact  in  the  unloaded  state  (simple  support). 

Equation  128  shows  that  the  smallest  shaft  diameter  pos¬ 
sible  gives  minimum  friction.  The  lower  limit  on  shaft  dia¬ 
meter  for  this  application  Is  about  d^  =*  .020  in.  (Any¬ 

thing  less  would  not  be  stiff  p*nough. )  For  a  transverse  load 
on  one  bearing;  of  P^^.  4.43  lb*  (see  Page  124)  this 

gives  an  average  shear  stress  of 


tr 


8  ave. 


.785  d 


I-  brg.  .. 

- 


4.43 


s 


'.785/f.020)‘ 


14,1000  pal 


For  a  bending  arm  (see  Figure  17,  P.  84;  of  one  diameter  the 
nominal  bending  stress  at  the  fillet  Is 
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FIGURE  XIX 


DIAGRAM  SHOWING  INCREASED  NORMAL 
FORCES  WHICH  OCCUR  WHEN  A  SHAFT 
SUPPORT  CAN  APPLY  A  BENDING  MOMENT 


j  a  I 


•aL  lu. » 


1  e 


s  =  32  M  ^  (32):^. 43  X  .020) 

non.  bending  d  ^  (3.l4)(  .020)^ 

8 


113,000  pal 


While  this  high  nominal  bending  streas  Is  not  desirable.  It  is 
not  completely  out  of  the  question  either.  However,  we  use 


d  =  .025  in. 
8 


In  the  calculations  that  follow,  tentatively  assuralng  that 
the  Increase  In  friction  torque  Is  .more  acceptable  than  the 
difficulties  associated  with  the  smaller  shaft.  Thus  with 
typical  values  of 


^tr . 1  brg. 

%  = 

ly  reduced  I551&  because 
and  13^*) 


4.43  lb.  (P.  124) 

.02b  in.  (P.  95) 

\ 285 . 000 j  =  242,000  pal  (arbltrarl- 
of  the  larger  nominal  size,  see  pp.  106 


M  =  .17  (P.  122; 


we  have 


"^fr.  1  brg. 
typical 


■  c,,.4., 

^  ■  L'r.  1  brg.  '“2“'  '■  n ^ 
( .17/'4.43j 

(.17;(4. 43;'. 01592) 


-  .0120  In.  lb. 
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rhle  cUes  not  compare  too  unfavorably  with  the  friction 
torque  of  a  ves  ^ewel  bearing  that  Is  turning  under  Its  rated 
axial  load  (.00825  in.  lb.  on  P.  123),  but  the  present  torque 
acts  during  the  entire  flight  of  the  projectile. 


(127) 


minimum 


4  ^o  ^"tr  1  brg. 


(3.14)^  (242, 000)'-'  (.025) 

(i,See  P.  108  for 

=  .0258  In. 


Using  a  straight  shaft  gives 


R 


B  nln. 


=  R 


o  min. 


.0258  In. 


This  Is  drawn  approximate ly  to  scale  In  Figure  20  using  a 
bearing  length  of  I.5  x  d^.  The  minimum  radial  corner  clear¬ 
ance  Is  then 


Min.  Rad.  Cor.  11.  =  Rt»  -  cos(sln“^  —  )  I 

min.  J 


.0258  fl  -  cos  (sln“  ^ 

^  (.0258) 
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FIGURE  XX 


CORNER  CLEARANCE 
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=  .0^58(.313) 
=  .00807  In. 


which  la  quite  reasonable..  The  approximate  half  width  of 
contact  la 


a 


Pm 

f  m 

L  nTT 


n  ET  d  „  _i 

O  3 


a  =  ^  j  (.02b8)  ^4.^13) 

^(21  X  10^) .023) 
a  =  .000395  in. 

This  compares  to  a  =  .003U7  as  the  radius  of  the  c. ntact 
circle  of  a  vee  bearing  under  design  axial  load  'P.  il9). 

It  is  less  than  the  other  value  because  the  other  dimension 
of  the  area  of  contact  is  finite  and  about  one-half  the  cir¬ 
cumference.  The  advanta/;o  of  a  small  value  of  a  here  is  only 
in  minimizing  the  required  smoothness  of  contact  surface, 
l.e.,  there  is  no  reduction  in  friction  radius  with  a  as 
for  a  vee  bearing. 
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SECTION  IV 


CONTACT  STRESSES  IN  CQNVEij'r  LONAL  VEE  JEWEL  BEAiilNOS  IN  INSTRU- 
MENTS  AND  IN  THE  PROPOSED  APPLICATION 


^ •  Analysis  of  Cont act  S tresses  In  a  Vee  Jewel  Bearing: 
Consider  the  vee  pivot  and  Jewel  shown  in  Figure  21.  Let 

P  =«  force  pushitvc  them  together  (lb.) 

=  bearing  radius,  assumed  spherical  (In.  ) 

R^  =  pivot  tip  radius,  assumed  spherical  (in.) 

E^  =  bearing  modulus  of  elasticity  (psl) 

E^  =  shaft  modulus  of  elasticity  (psl) 

The  stresses  will  be  calculated  using  Hertz  contact 
stress  theory  for  two  spherical  bodies.  (See  Timoshenko  and 
Goodlei)  Theory  of  Elasticity,  PP.  372-377.) 

The  two  spherical  surfaces  deform  so  that  contact  occurs 
over  a  circle  of  small  radius. 

Let : 

a  =  radius  of  circle  of  contact  (In.) 

Rf,  ”  radii  of  the  balls,  positive  if  convex  \in.) 

Vf,  V2  =  Poisson's  ratio  for  the  two  materials 
Then  ''Equation  219  of  reference) 
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1 


:'P  I'a’. i.;. 


a:;alysis  of  cc::tact  sthk^ses 
i:;  A  VEE  JEWEL  bea;-.:;;  ; 


'Je;i<  i'a.  ]V*c  >l.i  -  .  ,  ,  C 


I  <i  1 1  on 


129) 


a  = 


2 


^  '  ^2  TT  1  3 

—  1 1“TT“  _  ) 


Ri  "R, 


Defining'  and  by 


'130) 


and 


(131) 


R 


L  f  1 
^  ^2 


2 


1  ^  -  ^1  ,  '  ^2 
'T  ^  "H?; -  -"ET— 


2 


and  substituting;  Into  Equation  129  i;lves 


(132) 


.  3P  H  •  1.  3 
„  _  f  o  ! 

®  .  tte;:  j 

o 


The  pressure  distribution  over  the  circle  of  contact  Is  hemis¬ 
pherical  with  a  maximum  pressure  at  the  center.  Let 

^  maximum  pressure  on  contact  area (pal). 

Then  (Equation  2l8  of  reference) 


.:.33> 


-  :oi  - 


■-<.  .1  ■  I  .  1  c  i;  . 


Points  remote  I’rom  the  contact  area  '.say  the  centers  the 
balls  or  In  this  case  the  deflection  of  the  e:ear  with  respect 
to  the  case  due  to  pivot  defonnatlon)  approach  each  other  by 
a  Inches)  where  tEq.  219  of  ref.)  a  Is  i^lven  by 


13^) 


a  = 


f  §!l^4’!. 

L  J  *-• 


1/3 


;  nn  )‘^  R 
o  o 


U8ln£;  Eq.  132  c^ves 


(135) 


a 


2 


The  maximum  shear  stress  occurs  at  a  depth  below  the 
surface  of  about  .47a  (See  P.  376  of  Timoshenko  and  Gh.>Daler 
or  P.  41-2  of  the  Handbook  of  Englneerlrig  Mechanics. )  and 
for  Poisson's  rat:*©  of  .3  for  both  materials  J.s  riven  by 


(136) 

where 


’’’max. 


.31  q 


o 


T  =  maximum  shear  stress  t  psj . ) 
max. 
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These  formulas  assume: 

(1)  That  a  la  small  compared  to|R^|and|R^ 

(2)  That  the  material  remains  elastic 

In  order  to  determine  the  allowable  material  properties 
(In  particular  )  we  consider  loads  and  sizes  that  are 

the  limits  of  conser'/atlve  desltrn  practice. 

The  Richard  H.  Bird  Sc  Co,,  Inc.,  Catalog  of  Precision 
Jewel  Bearings,  states; 

The  glass  Jewel  can  be  used  successfully  where  the 
weight  of  the  moving  element  Is  of  the  order  of  750 
milligrams  or  less.  Sapphire  Jewels  should  be  considered 
when  the  weight  of  the  moving  element  exceeds  this  amount." 
"Hard  Glass  - 

Young's  Mo<]ulus  -  12.7  x  10”^  psl." 

vobvl  Aisl.y  a  in  J  sprint) 

"Synthetic  Sapphire  - 

Compressive  Strength  -  300,000  psl. 

Maximum  Bending  Stress  -  9^,000  to 

100,000  psl.  Varies  with  angle  of 

stress. " 
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Gencirai  Corporal  lot: 

The  dimensions  of  a  typical  standard  lass  vce  JewoJ  iro; 
"O.D.  -  .070  In. 

Thickness  »  .040  In. 

ArMile  ■  80°  (total  Included) 

Depth  of  Vee  -  .012  -  .010  In." 

The  Bird  catalog  also  states  "A  radius  ratio  (Jewel 
radius  to  pivot  radius)  of  2.5  or  3«0  to  1  is  acceptable." 

In  addition  the  catalog  of  the  Industrial  Sapphire  Co., 
Quakertown,  Pa.  lists: 

"Synthetic  Sapphire  - 

CcOTpresslve  Strength  -  300,000  psl.  @  77°F 
Young's  Modulus  -  50  to  55  x  10^  (dependent 
on  position  of  crystal  C-axls) 

Modulus  of  Rupture  - 

30°C  -  40  to  130,000  psl. 

540°C  -  23,000  to  50,000  psl." 

The  Bird  catalog  also  lists  as  its  standard  sapphire 
vee  Jewel  with  the  largest  radius  R^: 

"Part  No.  RB  303035 

O.D.  =  .120  in. 

Thickness  *»  O.125  In. 

Angle  =  110°  +  5° 

Radius  »  .009/011  In. 

Depth  =  .030/. 035  In." 
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Prom  this  limltea  information  we  infer  that  the  limits  of 


typical  practice  are: 
For  Glass 


-  12.7  X  10'^  psl. 


Pit  t..a  =  750  mg.  X - c 

limiting  ^  ^  10^ 

=  .'1)0165  lb. 

R,  .  ,  1  =  -  .0040  in. 

1  typical 

^2  typical  ""  -^'015  In. 

(Take  v  =  .3  and  assume  =  30  x  10^ 


For  Sapphire 

%  limiting  '  300,000  psl. 

typical  “  5S.5  X  10^  psl. 

^1  typical  ~  “  .010  In. 

^2  typical  “  *^^35  In. 

(Take  v  =  .3  eind  assume  Eg  =*  30  x  10° 

Using  the  formulas  above  gives; 

For  Glass 

1.^  1 


lb. 

mg. 


psl. ) 


P  Jl . ) 
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1 


1 


1 


■^2 


2 


30  X  10' 


12,7  1': 


_ 1 _ 

9.79  X  10^^ 

=  f  T'  "  =  r{  ^  .  .QQ16^)(  .002^0; 

*'  ^  Eq  '  ('0(9.79  X  lu^)  J 

r  -12 

*  .303  X  10 


-  .000067?-  In. 


a 


R 


2 


.0000672 


.0448  (which  Is  small  encurh.' 


^  2.4  X  .0' 


=  1.83  X  10 


limiting; 

typical 


3Vllm. 

2Tr 


3) ( .00163) _ 

(3.14).' .672  X 


N  C. 

I 


-  174,000  p3l. 


^max.  limiting  lira, 

typical 


=  (.31) (174,000) 
=  53,900  p3i. 


The  smallest  radius  Rg,  and  therefore  the  largest  limiting 

for  a  given  load  and  l£  Rg  =  .0012  In.  This  corresponds 
to  a  ratio  of  which  is  Just  outside  the  limit¬ 
ing  range  of  2.5  to  3.  Using  this  value  of  Rg  gives: 


1  1.1  1^1  _c:fio_l 

R-  “  nr  +  IT,  =  TTOTR  *  -■■.TOTO  "  -  .0017m 

Old 


a 


=  (.672  X  10"^)  j*  (-672  X  10"^)  (.8945) 


=  .0000595 


q  -.4  4  4.4  174,000  174.000  017  onn 

^o  limiting  =  — y  =  ----4 -  =  217,000  psl. 

extreme  (.8945)^  *° 


Thus  limiting  ^  200,000  pal.  is  reasonable  for  glass  with 
a  hardened  steel  pivot. 
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For  a  Sapphire  Jewel 


rr  “  “  03035  -“.OToo'  =  “  .00537 


1  ,1  2<  r  1  ,  1 

P-  =■  (1  -  V  )  1 


-  .  E-  J  =.  (1  -  .3  ) 


1-30  V  in^ 


30  X  10"  52.5  X  10 


.1^ 


19.11  X  1^  21  X  1?^ 


In  this  case  we  take  limiting  Icnown  (at  something 

slightly  less  than  300,000  pal;  say  285,000  psl.)  and  solve 
Equations  132  and  133  for  P. 


(137) 


-•3  -.2 

j  3  u'i 

F*., 


limiting 


a- 


^o  limiting 


(3)  (.00537)  ] 

(4) (2T  X  1^ 


rill 


[l.92  > 


X  10 


-lOV 


(2){3.14)(285,000)^ 


"1^  '’1.675  X  10"^’’ 


3.66  X  10 
4.7  X  10 


-20 


=  .00734  lb. 


T  'nO 


O'^ipcrau-on 


op  R  1/3  1/3 

a  =(j^2)  =  r  ■(■3.).(,.00784)  (,00537)  1 

-  (4) (2.  X  10^) 

-12  -1^/3 
1.502  X  10  . 

J 

=  .0001145  In. 


=  =  .0327  (which  is  small  enough) 


a 


2  ,  2i  2 

a  «  (1.145  X  10 
^  5.37  X  10“3 


=  2.44  X  10"^ 


in. 


As  a  check. 


(1.5) (.00784) 

- - - - g. 

(3. 14) (1.145  X  10’^) 


=  285,000  psi. 


Thus  for  a  limiting  sappliJre  Jewel  pi^essure,  g  ,,  ..._ 

^o  limiting 

=  285,000  psi.  and  for  the  standard  bearing  with  the  largest 
radius  of  curvature  (minimum  stress  for  a  given  load)  the 
ratio 


^limiting  sapphire  _  .00784  _  j, 

^limiting  glass  .00155 

Estimation  of  Loads  on  the  Bearings 

In  order  to  calculate  the  loads  on  the  bearing  in  the 
projectile  it  is  necessary  to  know  the  meiximum  axial  and 
radial  accelerations  of  the  pivoted  mass. 


i  - .  vi  .  j  v»-  )i*>CxdCiui* 

Let: 

a  =  axial  acceleration  of  c.g.  of  shell  (in./ sec  ) 
lu  =  ang.  vel.  of  shell  about  its  axis  (rad. /sec.) 

I  =  lead  of  rifling  (in. /rev.) 

P  -  gas  force  on  shell,  average  (lbs.) 

p 

A  =  area  that  gas  pressure  acts  upon  (in.  ) 

P  »  gas  pressure,  average  (pal.) 

Vf  =  weight  of  shell  (lbs.) 

I  -  moment  of  inertia  of  shell  about  its  axis 

(lbs.  sec^  in.) 

r  =  outside  radius  of  shell  (In.y 
b  =  I’adlal  distance  from  centerline  of  shell  to 
centerline  of  a  shaft  in  the  mechanism  (in.) 

p 

S  =»  acceleration  of  gravity  (in. /sec.  ) 

L  »  length  of  barrel  (in. ) 

V  =  axial  velocity  of  center  of  gravity  of  shell 
(in. /sec. ) 

^radial  “  I'adlal  acceleration  at  the  centerline  of  pi- 

p 

voted  shaft  (in. /'sec.  ) 

Use  the  following  as  typical  data: 

W  =.  35  lb. 

P  =  17,000  psl.  (assumed  constant) 
r  «  3  in. 

t  =  12C  in. /1. 5  rev.  =  8C‘  in. /rev. 

L  =  120  in. 
b  =*  .375  In. 
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Then 


A  *  nr^  =  (3.14)(3)^  =  28.3  In.^ 

To  calculate  the  shell  moment  of  Inertia  assume  that  all  its 
mass  is  concentrated  at  a  distance  k  =  2.5  in.  fi'om  the  shell 
centerline.  Then 


W  2 

e  ^ 


Equating  the  work  dune  on  the  shell  in  time  dt  to  its  change 
in  kinetic  energy  (assuming  that  losses  are  taken  care  of 
by  the  choice  of  P)  gives 

PAvdt  »  ^  I  [(7  +  dv)^  -  (v)^]  +  I  (| 

[((!)+  dtu)^  -  (1)^"^ 


But 


so  that 


=  -r 

g  L 


vdv  1-  k  (j)  du) 


J 


—  ^TT 

u)  =»  V  ~  and  duu  = 


PAdt  =  I  Tdv  +  k^(|n.) 


Ill 


or  since  a  ^  ^ 


(136) 


^axlal  av 

s 


PA 


2 


"1 


The  maximum  velocity  (muzzle  velocity)  Is 

(^39)  -  (2aL)^'" 

and  the  maximum  angular  velocity  ’the  spin  speed  durlru'  flight) 
Is 


(140) 


11!. 


max, 


max, 


The  radial  acceleration  c:  the  pivoted  mass  cluriric  fllcht 
Is  then 

(l4l)  ^rad.  *  ^ 

Using  the  assumed  typical  values  gives 


a 


axial 


Z? - - _ 1 17,000)  (2B.  3) 

w[l  +  ,3,,)  fi  ^ 

'  80"' 


«  13,300 


112 


^  1  : 


r 


I  v-l  ^  —  'll 


an(J 


V  „  =  (2a  L) 

max .  ' 


1/2 


1^2)^13,300  X  3B6)(120)) 
35,30C  In./.^rc. 


1/2 


2,920  rt./'sec. 


which  seems  reasonable  ao  a  muzzle  velocity. 


'“max.  =  %ax.  r  “  (35.100)  %§§  .  2,760  rad. /sec. 


a 


radial  “  '“max.  “  ‘2,760)2  (.375)  =  2.85  x  10^ 

In. /sec . 


radial  _  2,  Q^O,  00_0  y  i^qq 
r  3tib 


In  order  to  calculate  the  p.ivotec]  w?ti:ht  assume  that  a  typi¬ 
cal  gear  has: 

O.D.  =  .383  in.  -  D 
Thickness  =  .02^2  in.  -  t 
Wt.  Density  =  .3  ib./in.-’  y 

Tlien  the  gear  weight  =  .y)  (volume)  -  .3)  (.785  x  .  383^1. 0242) 

Typ,  gear  wt.  .OOO835  3b. 
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For  the  heaviest  gear  use: 


O.D.  =  .4496  In. 

t  =  .0315  Ir.. 

Y  =  .3  Ib./ir.^ 
Heaviest  gear  weight 


.  000835 )[ 


.0515  •^r.4496 
75^  i~rwr  j  “ 


.  0024‘. 
] 


Allowing  for  pinion  and  i.'raft  weight  rives. 


W 

pivoted  typ. 
W 

pivoted  max. 


j  .0012 

.0030 


lb. 

lb. 


(say) 

(say) 


The  axial  load  P  applied  to  the  aft.  -  bearing  Is  then 


(1^2) 


typ. 


-  w 


(.0012)  (13, 300)  =  15.95  lb 


typ.  1; 


or 


rasLx. 


=  W 


f, ;  .0030) {13, 300)  .  39.9  'b 


max. 


Prom  Equation  132  (for  a  fixed  R  and  E  u-  ?  qi- Ivalentl  1  y 
for  a  given  bearln^j) 


1  143 )  s  —  '  w)  t 

▲ 


•where  primes  denote  loads  and  dimensions  lii  tlr;  p.'O. Jcc  ti le 
and  no  primes  denote  these  quantities  In  typical  iristurments 
with  limiting  loads. 

Similarly  from  Equation  137  f  f or  a  fixed  and  E  ) 


rr  V 
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(m) 


•  1  /'K 

r  p  ■ 

F"  j 


Since 


15.95  ^ 
*.“UU7H4  > 


1/3 


(2,035) 


1/3 


12.68 


(p  =  .00784  lb.  for  sapphire  bearing 
with  the  highest  rating) 


the  maximum  contact  pressure  In  the  bearing  would  be 


'  =  •'  P 

typ .  ^o  •  F“ 


1/3 

)  =  (285,000)  (12.68) 


=  3,610,000  psi. 


(See  P.  108  for  q^) 


which  of  c  urse  is  excessive. 
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B.  Required  Size  of  a  Vee  Jewel  Bearing  That  Can  With¬ 
stand  The  y^lal  Acceleration. 

Fron:  SECTION  IV  A,  I.  101  we  have 


(130) 

(131; 

(132) 

(133) 


1 

F 


^  -f  ^ 
Fl 


1 

E 


p 


o 


o  ^  P  R 
a3  _  3  O 
a  -  5-  -g— 

o 


1  - 


1 


o 

c. 


In  these  equations  we  can  retsard  the  materials  and  load  as 
given  and  then  solve  fcr  the  required  sizes. 

Using  the  strongest  combination  (sapphire  and  hard  steel) 

we  have 


o  21  X  10 


..L  (Pa,re  108, 


%  limiting  “  285,000  psl.  (Page  108} 


^typical  -^5.95  lb.,  P^yj^x. 
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-  39.9  lb.  'Page  ll-’l) 
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Taking  the  ratio  of  to  ^  rJ  as  (Page  105 ) 


la- 


y  .0100  ,  ofi. 

5  '7503^  “ 


gives  for  R 


(145) 


^1  ^2 

^o  =  RpnR“' 


=  R 


1  R. 


1  + 


=  R 


1  7".“-  :6iuo 
.0035 


538  R^ 


Eliminating  a  between  132  and  133  and  solving  for 
gives 


(i^;6: 


R  =i 


h  o  0/ 

^4  ',  ,'}  ) 


1  ^2 

■->  p-^'  E 


3/2 


or  (using  145) 


I  /2  p^/^  V  R 

(147)  Rj  =(5)  '  - '1  + 


3/2 


4’ 
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.44  E  R, 

(  147  )  ^  1  - T7? - -  ^  ^  IT”  ^ 

q  Kg 


Usings  the  numerical  valuer  above 


„  ^  (21  X  10^) (1  -  g.86) 

1  typical  ^  X  2 

(.285  X  10®) 


=  -  .452  In. 


As  a  check 


R 


1  typ. 


,  1/2 


~  (-.010)  r 


.,1.2 


=  -  .452  In, 


where  P  =  ,00784  lb.  for  the  sapphire  bearing  with  the  high¬ 
est  rated  load. 


«1  max.  =  (  ■  -tM 


typ.  ■=  -  "1  typ.  '•538)  =  (.452)(.538;  =  .243  In, 


R  =  —  R 

o  max.  ”  1  rnsLX. 


(.538)  =  (.714)(.336j  -  .384  in. 
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2  typ. 


-5^  "  -158  in. 


R 


R, 


1  max.  .71^ 


2  max .  ^.Bfe 


27^’  “ 


typ. 


,3  f  \  3  15  35  .2Jt3.'-/3 

'tt  “1? — '  ”  vir  ^  ^ - E — ' 

^  ^  21  X  10^ 

6 

=  (.1381  X  lO'^) 


*  .00517  in. 


p-^^P--  =  =  .0328  (See  P.  109  for  a  check) 

^2  typ. 

which  is  small  enough. 

As  a  check  and  In  order  to  see  how  a  varies  we  have  from 
Equation  133  (keeping  fixed  by  adjusting  R^^) 


^typ. 


(15.95 


(.00011^^5) 


(148) 


=  (45. 2)(. 0001145) 


*  .00515  In. 
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C.  Friction  Torque  Developed  on  a  Vee  Jewel  Bearing 
That  la  Required  to  Allow  Rotation  During  the  Axial  Accelera 
tlon  Period 


Neglect  the  effects  of  the  transverse  loading  for  slm- 

2 

pliclty  since  It  Is  due  primarily  to  to  b  rather  than  ab 

(a  «  ^13)*  The  transverse  loading  becomes  signi¬ 

ficant  near  the  end  of  the  axial  acceleration  period  and  re¬ 
mains  significant  during  flight.  It  is  therefore  treated 
separately. 

The  deformed  surfaces  are  essentially  plane  with  a  hemls 
pherlcal  pressure  distribution  given  by 


(l<t9) 

where: 


q(r;  -  [l  -  ^  j 
r  Is  the  variable  radius  (in.) 

a  Is  the  outside  radius  of  the  contact  circle  (In.) 
Is  the  contact  pressure  at  the  center  (psl)  and 

q  Is  the  contact  pressure  at  radius  r  (psl). 


Letting 

li  *  coefficient  of  friction 


friction  torque  on  an  annulus  of  radius  r  and 
thickness  dr  (in.  lb.) 
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..c-  :i„ 


..  ‘ 


.y  .  ■.:  r.'j.  u  L  •.  'jii 


and 


we  have 


*fr  «  Total  friction  torque  (in. lb.) 


2  1/2  « 

<3T^r  *  ^  q(r)(2tTr  dr)(r)  »  2nuqQ  [  ^  J  ^ 


dr 


a 


Integrating  from  r  »  0  to  r  =*  a  gives 


—  *  1 

*  2iTuq^  a^  r® 

i  a  0 

a 


.  2  .1/2  2 

fl  — Vi  ^(?)  (See  Pierce 

L  7-1  7  ®  #145,  P.21) 


(150)  -  Mo  ^ 

Using  Bj.  133  to  eliminate  a  gives 

1  ,  3/2  1/2  p3/2 

(151)  -  (^)(|)  (n)  n 

Thus  If  the  bearing  must  rotate  while  axial  acceleration  Is 
occurring,  the  friction  torque  goes  up  as  the  power  of  axial 
load  P  for  a  fixed  design  q^. 

For  the  largest  radius  standard  sapphire  bearing  under  Its 
limiting  load  we  have  (P.  108) 
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P  -  .00784  lb. 
and 

-  285,000  pal. 

Taking  u  “  .17  (half  way  between  .15  and  .19  Hated  aa  typi¬ 
cal  in  the  Richard  H.  Bird  catalog)  givea 


fr.  IfUTgeat 
atd.  brg. 

under  Ita  maximum  load 


3/2 


(.407)(.]7) 


.3/2 

(.00784) 

(285,000)^'^^ 


„  (.0692)1^222^ 

(534) 

=■  8.93  X  10"®  In.  lb. 

As  a  check 


=  1.502  X  10”^^  (P.  109) 
Equation  149  gives 


u<Jo  ®' 


(.17) (285, 000) (1.502  X  10“^^ 
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-  8.96  X  10 In. lb. 


If  the  load  l8  Increased  to  »  15.95  lb 


T 

fr.  bearing  reqd. 
to  withatand  acc. 
(typical  wt.  shaft) 


T 

fr  largest 
std.  brg. 


I 


3/2 


p 


with  kept  constant.  This  gives 
Tfr.  typ.  = 

-  (8.98  X  10“®)  (9. 19  X  10^) 

-  .00825  in.  lb. 


for  the  typical  shaft  and 


T 

fr.  max. 


-  (8.98  X  10"®) (36. 35  X  10^) 


-  123  - 


Ceneral  Teen  ecrjo:L*al;j.on 


max.  “  *0327  In.  lb. 

for  the  heaviest  shaft.  In  order  to  decide  whether  these  torques 
are  acceptable  or  excessive,  we  perform  the  following  rough  cal¬ 
culations. 

The  shafts  are  driven  from  the  mainspring  shaft  through 
pinions  on  the  shafts.  Using  a  pinion  radius  ■  .O58  In. 

'■p  heaviest  shaft  “  tangential  force 

required  to  overccxne  only  Its  own  aft  bearing  friction: 


and 


P 


tan.  typical 


^fr.  typ. 
typ. 


tan. heaviest 


fr.  heaviest 
^p  heaviest 


.309  lb. 


These  forces  may  be  compared  to  the  total  transverse  force 
acting  on  the  shaft  due  to  spin  of  the  projectile: 


p  s  W  ^rad.  max. 

^transverse  “  "typ.  g 
Inertia 
typ.  max. 


(.0012) (7,400)  -  8.87  lb. 
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^r««vr..  -  (“heaviest)  -  (•<»30)(7.400) 

Inertia 
heaviest  max. 

=  22.2  lb.  (See  Pages  113  and  114  for 
these  values.) 


Therefore  these  friction  torques  are  not  excessive  in  the  sense 
that  they  viill  cause  excessive  bending  stresses  in  the  shafts > 
since  the  bending  effect  du^  to  the  friction  torques  is  so 
much  less  than  that  due  tc  the  transverse  inertia  forces. 

Before  accepting  the  possibility  of  rotation  in  a  beau^ing 
during  the  axial  acceleration  period  we  should  consider  that 
a,  the  radius  of  the  contact  circle^  is  43.2  (see  P.  119) 
times  as  large  here  as  for  the  largest  standard  bearing. 

Thus  for  the  same  emgular  speeds,  the  rubbing  velocities  are 
43.2  times  as  large.  This  may  not  be  acceptable. 

So  consider  the  situation  from  the  point  of  view  of  re* 
quired  mainspring  energy.  The  time  t  (sec.)  that  the  pro¬ 
jectile  spends  under  acceleration  (  in  the  barrel)  is  (see 
PP.  110  and  112) 


axial 


(386) (13,300) 


.00683  sec. 


If  the  shaft  is  rotating  at  n  rpm  it  makes  ^  revolutions  while 
under  axial  acceleration.  The  frictional  energy  lost  is  then 
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^friction  "  P®*' 

Asaumlng  a  steel  mainspring  with  50$^  energy  storage  efficiency 
and  a  maximum  design  tensile  stress  of  180,000  psl.  gives  as 
the  energy  per  unit  volume 


U/vol.  =  (,^0)(l/2)  1 

30  X  10 

=  270  in.  Ib/in.^ 

Assujnlng  a  mainspring  volume  of  80$^  of  a  cylinder  ^  Inch  long 
and  1.4  inches  outside  diameter  gives  as  the  available  stored 
energy 


Wd  “  (v^)(.8)(.25)(.785)(1.4)2 

=*  (270) (.308)  -  83  In.  lb. 

The  energy  lost  In  a  shaft  of  typical  weight  is 

„  n,  nt  _  (.00825)  n  (.00683) 

®fr.  typ.  “  V.  5!T  "  S3 


V 

=  .94  X  10  X  n  In.  lb.  per  typ.  shaft 
(See  Pages  123  and  125  for  these  values.) 
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Aasumlng  a  speed  of  20  rpm  for  the  fastest  typical  inelght 
shaft  gives 

hr.  faeteet  typ.  “  *  20  -  .0000188  In.  lb. 

nt.  shaft 

Clearly  then  energy  loss  during  the  Initial  acceleration  per¬ 
iod  Is  no  problem. 

However,  the  product  of  muzzle  velocity  (2920  f.p.s.) 

(P.  113)  and  barrel  time  (.00583  8ec.)(P.125)  is  20  ft.  (two 
barrel  lengths).  This  represents  a  maximum  error  In  range  If 
we  have  assumed  that  the  timer  started  when  firing  was  Ini¬ 
tiated  and  It  actually  starts  when  the  shell  leaves  the  bar¬ 
rel.  Thus  while  the  calculations  above  Indicate  that  a  bear¬ 
ing  that  can  withstand  the  axial  acceleration  loads  can  also 
allow  rotation  during  the  axial  acceleration  period,  as  a 
practical  matter  this  may  not  be  desirable. 

Friction  Radius  of  Vee  Jewel  Bearing 
Since 


(150) 


Mo 


and  the  normal  force  is 


(133) 


2n  q. 
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If  ne  define  the  friction  radius  r^^  (in.)  by 

(153) 

we  have 

(154)  rj.j.  -  ^  a  -  .588  a  -  .294  (2a) 

for  this  hemispherical  pressure  distribution.  For 

a  -  .00516  in.  (P.II9) 

Tfr  “  .588  (.00516)  -  .00304  in. 

which  is  extremely  small  for  a  shaft  and  bearing  subjected 
to  an  axial  load  of  15.93  1^* 
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D,  Effect  of  Tranaverse  Load  Upon  a  Vet  Jewel  Bearing 

Consider  tlie  enlarged  vies  of  the  vee  bearing  shown  Jji 
Figure  22.  Assume  that  the  bearing  Is  exerting  a  force  on 
the  shaft  that  supplies  all  the  axial  acceleration  and  half 
of  the  transverse  acceleration.  Prom  PP.  112  and  113 


*axial 

8 


13,300 


(lj(  (|)  (7,400)  -  3,700 


Thus  the  resultant  force  makes  an  angle  a  with  the  shaft 
centerline  given  by  (Fig.  23) 


tan 


-1  ?  ^ad.  max. 


a 


axial 


15.53° 


Assuming  temporarily  that  the  forward  bearing  only  applies 
a  transverse  restraint  to  the  shafts  and  that  the  resultant 
force  exerted  by  the  aft  bearing  remains  normal  to  the  bear¬ 
ing  surface  gives  the  geometric  picture  shown  In  Figure  24. 

The  pivot  rises  and  .^malns  parallel  to  Its  original  position 
so  that  contact  occurs  at  the  angle  a  to  the  shaft  center- 
line.  In  terms  of  and  R2  (P.99)  vie  can  calculate  the  off¬ 
set  e(in.)  and  the  rise  r  (in.) 
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FIGURE  XXII 


ACCELERATION  VECTORS 
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VEE  JEWEL  BEARING  SHOWING  OFFSET 
DUE  TO  RADIAL  ACCELERATION 
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)  8lna 


r  -  (  jHjj  -  jRgl  )(1  -  co8a) 

Numerically  we  have  (see  PP.  Il8  and  119) 

e  -(  |rJ  -  jRg]  )  8lna  -  (.452  -  .158)(1  -  coe  15.53°) 
-  .0798  In. 


r  =  (  |Rij  -  IrjI  )(1  -  coBa) 

=  (.452  -  .158)(1  -  cos  15.53°) 
»  .01076  In. 


Since  these  are  both  excessive,  consider  the  helping  e.ffect 
of  friction,  which  was  Ignored  In  the  above  calculations. 
Coefficients  of  pivoting  friction  are  given  In  the  R.  H.  Bird 
catalog  as  varying  between  .15  and  .19.  When  we  are  relying 
on  the  friction  to  help  withstand  the  transverse  load  it  Is 
reasonable  to  use  p  «  .12  as  a  conservative  design  value. 

The  corresponding  angle  of  friction  ♦  Is  then 

♦  a  tan"^  \x  «  tan*^  .12  -  6.85® 
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€md  the  resultant  force  would  act  6,85®  from  the  normal  to 
the  contact  surfaces.  Since  the  resultant  force  must  act  at 
an  angle  a  ■  13* 33^  to  the  shaft  centerline,  the  contact  angle 
with  friction,  is  given  by 

Ofp  -  o  -  *  -  15.53°  -  6.85°  -  8.68'’ 

and 

e  -  (|rJ  -  jRgj)  slna^j.  =  (.452  -  .158)(sln  8.68®) 

-  .0443  In. 

r  .  (  [rJ  -[Rgl  )(1  -  cosa^j.) 

-  (,452  -  .158)(1  -  cos  8.68°) 

-  .00335  in. 

This  offset  Is  still  completely  unacceptable.  It  has  been 
computed  using  the  large  axial  load  of  the  Initial  acceleration 
period  and  the  transverse  load  that  exists  during  flight. 

It  should  be  noted  however,  that  as  the  axial  load  decreases 
the  offset  Increases  still  more. 
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E,  Summary  of  ConcluBlone  About  the  Suitability  of  V»e 
Jewel  Bearings 

The  axial  load  required  to  accelerate  the  mass  carried 
by  a  typical  shaft  of  this  mechanism  Is  about  13*93  lb.  (P.  114) 
while  the  strongest  vee  ,)ewel  bearing  typical  of  standard 
commercial  practice  can  operate  under  a  load  of  only  .00784  lb. 
(p.  100).  Since  the  required  radius  of  curvature  Increases 
with  the  square  root  of  the  axial  load  for  fixed  elastic 
properties,  radius  ratio,  and  limiting  stress  (see  Equation 
147),  this  means  that  the  Jewel  radius  of  curvature  must  In¬ 
crease  by  a  factor  of  45.2  to  become  .452  In.  (P.  Il8).  The 
radius  of  the  contact  circle  also  Increases  with  the  square 
root  of  the  load  (P.119)  &nd  becomes  .00516  In.  on  the  typi¬ 
cal  shaft. 

Vee  Jewel  bearings  with  these  Increased  radii  and  asso¬ 
ciated  dimensions  are  not  presently  made  commercially.  It 
does  not  appear  that  there  Is  any  severe  technological  limit 
associated  with  this  Increased  size,  but  rather  that  there 
Is  no  present  commercial  demand  for  such  bearings.  Aside  from 
greatly  Increased  cost  the  only  design  limit  that  the  writer 
can  see  associated  with  the  larger  bearings  Is  to  require  a 
somewhat  lower  (say  design  maximum  compressive  stress  to 

account  for  the  greater  chance  of  Imperfections  and  the  ef¬ 
fects  of  higher  rubbing  speeds  In  the  larger  bearings. 

The  friction  torque  of  these  larger  bearings,  even  while 
operating  under  maximum  axial  load.  Is  still  very  small,  prl- 
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marlly  because  the  radius  of  the  contact  circle  Is  only  .OO316 
In.  (P.  119)  and  the  effective  friction  radius  Is  then  only 
.00304  In.  (P.  128). 

The  severe  ?  imitation  on  the  use  of  the  vee  Jewel  bear- 
ing  in  the  present  application  is  the  presence  of  relatively 
high  transverse  loads  of  approximately  4.43  lb.  per  bearing 
(P.  124)  during  the  time  of  operation  due  to  the  spin  of  the 
projectile^  and  the  necessary  offset  of  at  least  some  shaft 
from  the  projectile  axis.  An  excessive  shaft  offset  under 
load  is  required  to  change  the  direction  of  the  normal  to  the 
contact  surfaces  from  its  original  direction  parallel  to  the 
shaft  axis  to  a  direction  with  a  component  transverse  to  the 
shaft.  Thus^  neglecting  friction^  and  favorably  assuming 
that  the  initial  high  axial  force  remains^  we  get  a  calcula> 
ted  offset  of  .0798  in.  (P.  132)#  while  considering  both 
friction  and  the  favorable  effect  of  high  axial  force,  only 
reduces  the  calculated  offset  to  .0443  in.  (P.  133).  Both 
of  these  values  are  excessive  in  the  precision  type  mechanism 
under  consideration,  and  both  would  have  to  be  Increased  to 
account  for  the  reduction  in  axial  load  after  the  Initial  ac¬ 
celeration  period. 

Thus  to  summarize,  vee  type  bearings  couxd  probably  be 
made  to  withstand  the  axial  loads  and  to  give  low  friction 
in  operation,  but  have  to  be  rejected  because  they  cannot  apply 
sufficient  transverse  constrailnt  to  the  pivoted  parts. 
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SUMMARY  ANT  CONCLUSIONS 


In  this  section  the  results  and  conclusions  of  the  Inves¬ 
tigation  are  summarized  and  briefly  discussed.  More  complete 
discussions  are  given  in  the  body  of  the  report. 

In  the  first  part  of  Section  1,  formulas  are  developed 
for  sizing  bearings  which  have  combined  axial  and  transverse 
load  capacity  when  axial  load  c  .ntrols  sizing.  Ten  cases  are 
considered  as  follows: 

Case  I  Flat  bearing -uniform  normal  pressui-e  distribution. 
(This  bearing  has  no  transverse  load  capacity  but  is  included 
since  its  axial  load  capacity  serves  as  a  convenient  reference 
value  arid  since  it  can  be  used  in  conjunction  with  a  journal 
bearing) 

Case  II  Plat  bearings  with  linear  normal  pressure  dis¬ 
tributions. 

Case  III  Full  spherical  bearings  with  a  uniform  normal 
pressure  distribution. 

Case  IV  Hollow  spherical  beai'ings  with  a  uniform  normal 
pressure  distribution. 

Case  V  Full  spherical  bearing  with  a  cosine  normal  pres¬ 
sure  distribution. 

Case  VI  Hollow  spherical  bearing  with  a  cosine  normal 
pressure  distribution. 

Case  VII  (Hollow)  torroldal  bearing  with  a  uniform  normal 
pressure  distribution. 
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Ctiie  VIII  (Hollow)  torroldal  bearing  with  a  cosine  nor¬ 
mal  pressure  distribution. 

Case  DC  Hollow  conical  bearing  with  a  uniform  normal 
pressure  distribution. 

Case  X  Bearing  with  theoretical  line  contact  along  a 
circle  of  latitude. 

In  each  of  these  cases  an  expression  Is  derived  giving 
the  dimensionless  outside  radius  ratio  (the  ratio  of  the  re¬ 
quired  outside  radius  to  a  reference  outside  radius  as  de¬ 
termined  by  axial  load)  as  a  function  of  the  dimensionless 
geometric  parameters  that  describe  the  bearing  and  the  dimen¬ 
sionless  parameters  that  fix  the  loading. 

As  would  be  expected ^  the  smallest  required  size  for  any 
shsq>e  occurs  when  the  Inner  radius  is  zero,  and  the  required 
size  increases  with  Increasing  Inner  radius.  In  addition  a 
uniform  pressure  distribution  gives  the  smallest  required  size. 
Irrespective  of  shape.  The  more  realistic  pressure  distribu¬ 
tions,  which  drop  off  with  increasing  rddlus,  require  a  lar¬ 
ger  size  and  do  depend  upon  bearing  shape.  Thus  for  example 
we  see  that  the  shallow  spherical  bearing  (a  small,  see  P.  10, 
Pig.  3)  requires  a  smaller  size,  under  axial  load,  than  Its 
deeper  (a  large)  counterpart.  Figure  3  also  shows  that  the 
deep  hollow  spherical  bearing  with  a  between  6o^  and  90^, 
and  with  a  (reasonable)  cosine  pressure  distribution,  requires 
about  the  same  size  as  a  flat  bearing  with  a  (reasonable) 
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■  r 

trapezoidal  load  distribution  (r\  »  .3).  Since  the  deep  spherical 
bearing  has  transverse  load  capacity  and  the  flat  bearing  does 
I  not^  their  similarity  In  axial  load  size  for  realistic  load  dls- 
J  trlbutlons  Is  a  strong  point  In  favor  of  the  deep  spherical  bear- 

i  Ing.  An  additional  result  of  Interest  Is  that  the  deep  torpol- 

1  o 

>  dal  bearing  with  a  »  90  requires  a  l6U?ger  size  than  the  deep 
hemispherical  bearing  with  a  »  90°. 

I  Another  Interesting  result  Is  that  with  theoretical  line 

contact  (Case  10)  the  required  size  of  bearing  Is  only  about 

I 

three  times  that  of  a  bearing  of  similar  materials  and  design 

i 

^  stresses  but  with  theoretical  area  contact.  This  Indicates  that 

I  further  careful  consideration  of  bearings  with  theoretical  line 

/ 

I  contact  Is  warranted, 

I  In  the  second  part  of  Section  I,  equations  for  the  friction 

I  torque  and  the  dimensionless  friction  radius  ratio  are  developed 
for  the  10  cases  of  the  first  part  when  the  bearings  are  operat¬ 
ing  under  axial  load  alone.  Since  this  operation  occurs  over 
such  a  short  Interval,  If  It  Is  required  at  all,  the  choice  of 
bearing  shapes  or  parameters  would  not  be  Influenced  very  much 
by  the  requirement  of  low  friction  torque  under  axial  load. 
However,  the  order  of  magnitude  of  friction  torques  in  these  cases 
Is  of  Interest,  and  they  are  not  excessive. 
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In  Section  II  the  bearings  of  the  first  section  are  analy¬ 
zed  when  they  are  operating  under  transverse  load.  Because 
the  flat  bearings  cannot  take  any  transverse  load^  and  because 
one  normal  pressure  distribution  was  much  more  reasonable  than 
most  others  there  are  only  four  distinct  cases.  Tl.ey  au^e: 
spherical  bearings  (hollow  and  solid  torroldal  bearings^ 
conical  bearings  and  bearings  with  latitude  circle  line  contact 
In  each  of  these  cases  formulas  for  the  dimensionless  bearing 
size  as  determined  by  transverse  load  capacity  and  for  the 
dimensionless  friction  radius  ratio  under  transverse  loaui  are 
derived.  Numerical  values  are  calculated  and  It  Is  found  that 
with  the  load  magnitudes  used«  either  axial  or  transverse 
load  capacity  may  determine  the  required  becu*lng  size.  The 
one  that  controls  depends  upon  the  partlcuaar  type  of  bearing 
and  the  value  of  Its  geometric  parameters.  This  approximate 
balance  of  the  size  requirements  Is  good  In  that  the  axial 
load  does  not  demand  Increased  size  which  will  gl'*e  Increased 
friction  when  the  bearing  Is  operating  under  transverse  load. 

Another  result  of  Interest  Is  that  the  deep  spherical 
bearings  (a  *  90®)  have  less  friction  torque  than  shallow  ones 
(a  “  30®)  of  the  same  transverse  load  capacity  and  radius  ratio  s 
(see  PP.  66  and  67).  In  addition  the  spherical  bearings  have 
somewhat  less  friction  than  the  torroldal  bearings  of  the  same 
angle  a  and  r£idlus  ratio  p  (see  P.  7^).  The  conical  bearing 
(P.  75)  and  the  line  contact  bearing  (P.  78)  also  have  rea¬ 
sonable  typical  sizes  and  friction  torque  under  transverse 
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load  and  furthur  consideration  of  both  of  these  bearings  Is 
warranted . 

In  Section  III  methods  of  analyzing  Journal  bearings  for 
contact  stresses  and  friction  torque  In  terms  of  load  are  de¬ 
veloped  and  some  numerical  results  are  obtained.  The  two  con* 
elusions  of  Interest  are  that  these  bearings  are  feasible 
and  that  a  simple  support  will  create  less  friction  than  a 
restrained  support. 

In  Section  IV  methods  of  computing  contact  stxresses  and 
friction  torques  for  a  vee  bearing  are  presented.  It  may  be 
noted  that  since  the  theory  applies  to  a  spherical  shaft  end 
In  a  larger  radius  spherical  socket^  a  separate  ball  may  be 
used  to  replace  the  shaft  end.  Design  equations  are  developed 
for  sizing  these  bearings  under  axial  load  and  these  equations 
are  applied  to  Jewel  beeu'lngs.  The  feasibility  of  using  stan¬ 
dard  Jewel  bearings  under  the  axial  acceleration  loads  Is  also 
Investigated  and  It  Is  found  that  bearings  much  larger  tl  an 
those  that  are  presently  made  commercially  are  necessary. 

It  Is  also  found  that  these  besirlngs  carmot  withstand  the  high 
transverse  locuSs.  Expressions  for  the  friction  torque  are 
also  developed  for  these  bearings  under  axial  load. 
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